ENERGETIKA. 2017. T.63. Nr. 1. P. 1-7

© Lietuvos moksly akademija, 2017

The influence of nonsinusoidal supply voltage on
the amount of power consumption and electricity

meter readings

Vitalii Volokhin’,

Illia Diahovchenko’,
Viktoriia Kurochkinal,
Martin Kanalik?

! Sumy State University,
Rymskogo-Korsakova St. 2, 40007 Sumy,
Ukraine

E-mail ilya.dyagovchenko@gmail.com

2 University of KoSice,
Letnd St. 9, 04200 Kosice, Slovakia

During electricity generation, transformation, distribution and
consumption, distortions of voltage and current sinusoidal signals
occur. Most consumers are non-linear, and a significant content of
higher harmonics emerges when they are connected to the supply
grid. The algorithms of modern electricity meters take into account
most of higher harmonics, whilst with some fallibilities. Howev-
er, when supply voltage and current have the same amplitude and
a various harmonic composition, the readings of electricity meters
can vary greatly. This article describes how the harmonic composi-
tion of supply voltage and current affects the readings of electricity
metering devices. The analysed ratios do not depend on the ampli-
tude of supply voltage.

Keywords: electric energy meter, harmonics, voltage, current,
readings

INTRODUCTION

« variable speed drives,
o large switch mode power supplies (SMPS),

When accounting for electric energy consump-
tion, mains voltage signal is considered to have
the shape of a sine wave. The true voltage pro-
duced by generators in power plants is different
from strictly sinusoidal. Additional distortions are
made by power consumers (current collectors)
with nonlinear load. The single-phase power con-
sumers include:

« pulse power supplies (PPS),

« electronic ballasts of fluorescent lamps,

« small uninterruptible power supplies (UPS),

« computers, etc.

Three-phase power consumers include:

etc. [1].

The nature of the current consumed by impul-
sive load causes sine wave voltage deformation ap-
plied to load terminals. Sine wave voltage becomes
“flat” as voltage drop increases across the internal
circuit resistance at the moment of current pulse
[2].

Thus, its form approximates to trapezoidal
(keystone-shaped).

The purpose of this article is to determine
the effect of a supply voltage waveform on pow-
er metering devices. Three basic forms of volt-
age shape are under consideration: trapezoidal,
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triangular and rectangular. It should be noted
that the last two are particular cases of a trapezoi-
dal-shaped sine curve.

THE DEFINITION OF THE SUPPLY
VOLTAGE EQUATION

Voltage is a finite periodic function which re-
ceives identical values at regular time intervals.
Therefore, it can be expanded in a trigonometric
Fourier series [11]:

u(t)=U,+ U  -sin(wt+@,)+

+U - sin ot +¢,) +

+U ,-sin Bot +¢,) + ... =

:UO+§UW sin (not+9,), (1)

where 7 is the number of the harmonic compo-

nent, U,= [f/% is n-th harmonic effective voltage
value, U isn-th harmonic amplitude value, and
U, is voltage constant component value.

In some cases, a periodic function can be pre-
sented as a binary series. For this purpose, each
component of the equation (1) needs to be ex-
panded by the formula

U sin(nwt+¢ )==U cos¢@, sinnwt+

+U sin¢@ cos not. (2)
By equating

U, cose =U, andU sing =U" ,

we can represent Fourier series in the form of
a double series of sines and cosines, which do not
have any phase shift at the origin of coordinates:

ut)=U,+ U,  -sinwt+ U  -sin2wt+

+ U  -sin3wt+..+ U -sinnot + ... +

+ U, -coswt+ U’ -cos2wt

+U"  -cos3wt+..+U" -cosnwt+.. (3)

Let us consider the case when the average or-
dinate voltage (effective value) for the whole peri-
od equals zero. In this case, Fourier series will not
contain a constant voltage component U, [4]. This
can be easily explained by the fact that the average

value of voltage waveform ordinates must be equal
to the average value of the summands of Fourier
series for the whole period. As long as the average
number of sinusoid ordinates for the entire num-
ber of periods is equal to zero, then the average val-
ue of the voltage waveform ordinates will be equal
to the DC component value:

n=1

21 =
= U, + U, sin(not + dt =
n .[|: 0 Z mn ( (pn):}

(4)

U 2n
== | agr + 2 | Jt si t+ dt.
0_[ ; an J; sin (nwt +¢,)

It follows that if the x-axis coincides with
the centerline, U,=0. Then, the voltage curve can
be represented by the equation:

u(®=U, -sin(oft+¢)+U,  -sinQot +¢,)+

(5)

+U,,-sin(3t +@;) +... = Z U, sin(not+@ ).
n=

In high currents technique you often have to
deal with electromotive force (EMF) and currents
whose curves are symmetrical relative to the x-ax-
is. That is, their ordinates at any time (from 0 to )
starting from the beginning of the period and from
the beginning of the second half period (from T to
2T) are equal in magnitude but opposite in sign:

u(t) = —u(t+ g)- (6)

In such a curve, starting from the beginning of
the first and second half period, a DC component
and even-order harmonics are not available [4].
Assume that the voltage curve is also symmetrical
relative to the axis passing through the middle be-
tween the intersection of the curve with the abscis-
sa axis, namely

u(t) = u(m - t) = —u(-t) (7)
or
U’m1 - sin wt + U’m3 -sin 3wt + U’m5 -sin 5wt + ...

U -sin(n+ 1) wt+ ... + U, -coswt+

m(n+1)

U’ . -cos3wt+ U’ _-cos5wt+...
m3 m5

04 ~cos(n+1)wt=-U  -sin(-wt) -

m(n+1)

U, ,-sin (- 3wt) - U’ _-sin (-50t) - ...
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U -sin(-2n-1) wt-...-U"  -cos(-wt) -

m(-2n-1)

U” ,-cos(-3wt)-U" . -cos(-5wt) - ..

-U -cos (-2n-1) wt. (8)

m(-2n-1)

In such a curve, the main sine wave and all
the harmonics cross the x-axis in one point. As
the sine changes its sign when altering the ar-
gument (an odd function) but cosine does not
change (an even function), then the condition (8)
can be fulfilled only in case when

u” U sin ¢ = 0.

(n+1) = (n+1)m

Fourier series takes the form:
u()=U,, -sinot+U, ,-sin3wt+

+U,;s sin5of +... = Z U,any SIn(2n + Dot . (9)
n=0

Let us consider a few periodic voltage func-
tions which meet the conditions (6) and (7).

TRAPEZOIDAL VOLTAGE WAVEFORM

Let us consider the case when a voltage curve
has a shape close to trapezoidal (Fig. 1). For both
halves of the period it is symmetrical with respect
to the midline, relative to the points of intersec-
tion with the abscissa axis. If such a point is cho-
sen as the origin of coordinates, we can restrict
our consideration to only one-fourth of the peri-
od and find only v, values, because v’ =0.

In its inclined part from ¢t = 0 to t = a the curve
can be represented by the equation

and in the straight part fromt=ato ¢ = L. by
the equation 2

u(t) = B. (11)

By inserting (10) and (11) into the equation
(9) within the limits from 0 to 1t/2, we obtain
3
Uiy = 4 I u(f) sin ntdt =
T

0

4% ¢ 47
:-IB-sinnth-stinntdt_ (12)
TIO a T u

After several transformations and substitu-
tions n = 1, 3, 5, etc., for trapezoidal-shaped volt-
age we will obtain:

u(t) = 4B (sinasinoz+ lsin 3asin 3wt +
an 9

+21—5sin Sasin 5wt +...+ Lzsin nasin not). (13)
n

When
2n
w=—
T
u(t):ﬁzizsinnasin not. (14)

n=1

TRIANGULAR VOLTAGE WAVEFORM

A triangular voltage waveform (Fig. 2) is a particu-
lar case of a trapezoidal under the condition ¢ =Z.
Herewith, the amplitude signal is equal to B.

(=82 (10)
a
y
]
0 | i x
ot | /2 s
- :
. 4 :

)

Fig. 1. Trapezoidal voltage waveform

Fig. 2. Triangular voltage waveform
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For triangular voltage waveform time depen-
dence will be presented as:

u(t)= 8—§ (sin of — 1 sin3w7+,
b 9

+—sin Swf —... + S sin nwt), (15)
n
_nl
© 2
u(t):g—BZ( 1)2 sinnot, (16)
g on

RECTANGULAR VOLTAGE WAVEFORM

A rectangular voltage waveform (Fig. 3) can be
obtained as a special case of a trapezoidal one in
the absence of a.

\/ 21

N

Fig. 3. Rectangular voltage waveform

The dependence on time for rectangular volt-
age waveform is given below:

4B 1 1
u(t)= —(sin oft+—sin 3w¢ +—sin Sof +...
b1 3 5

1 (17)
+ —sin nwt)
n
or
u(t):ﬁzlsinno)t. (18)
T Sn

THE DETERMINATION OF POWER

The real power of periodic AC arbitrary wave-
form current is defined as the average power over
the whole period:

T
P :lju(t)i(t)dt, (19)
T 0
where T is the period, sec.

We know voltage waveforms. They are defi-
ned by the equations (14), (16) and (18). There
remains to determine the current function.

By the principle of superposition, the instan-
taneous current in a steady state circuit is equal
to the total of instantaneous current values which
would occur under the independent action of
the DC component, fundamental sinusoid and
higher harmonics singly.

Suppose we have an electrical circuit with
the load of active-reactive character. With
the constant values of active resistance R, induc-
tance L and capacitance C, the operating voltage
breaks down into three components at any mo-
ment: ohmic voltage drop, inductive EMF, and
capacitive EMF:

di

u =iR+L—+l idt.
dt

(20)

0

In the absence of a constant component and
even harmonics (as in our case) the effective cur-
rent value is

i=iti+i+..+i (21)

n+l’

The actual current in a circuit can be repre-
sented by the equation:

n=0

i= zUmn sin(nu)t+ Yy _(pn)

2
! \/Rz +(nooL— ! ] , (22)
noC

- power factor. (23)

Let us consider the electric network of indus-
trial frequency (50 Hz) with the following AC
load parameters:

- active impedance R = 100 Ohms,

- inductance L = 500 mH, and

- capacitance C = 100 pE.

The peak value of the voltage wveform is as-
sumed to be equal 220.42. For the trapezoi-
dal-shaped curve the value is a = 0.8.
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Consider the three forms of the supply voltage
curve. Their shapes are shown in Fig. 4.

u,V
320 o
220 / X\ S B
4
120 1 v

20

—80 +

-180 1

280 1

=380 -

Fig. 4. Voltage curves: 7 — rectanqular, 2 — trapezoidal, 3 — trian-
gular, 4 —ideal sine wave

Since the impedance for each of the harmonics
will have its own special value and a shear angle,
then the components of current sine waves will
have the amplitudes not proportional to the am-
plitudes of the components of voltage (power
supply) harmonics [4]. It follows that the shape
of the current curve may significantly differ from
the voltage waveform. Current curves in the elec-
tric circuit with the specified parameters will have
the form represented in Fig. 5.

i, A
245 4

1.45 o

0.45 4

-0.55 o

-1.55 +

-2.55

Fig. 5. Current curves: 7 — rectangular, 2 — trapezoidal, 3 — trian-
gular, 4 —ideal sine wave

The active power of periodic alternating cur-
rents of arbitrary shape is determined in accor-
dance with the formula (19):

o for trapezoidal voltage waveform:
P, = 245,935 W,
o for triangular voltage waveform:
P,=123,982 W,
o for rectangular voltage waveform:
P,=310,11 W.

The power of the ideal sinusoidal voltage and
current will make: P, = 188,419 W.

Let us further determine the apparent power.
It's equal to the effective value of voltage multi-
plied by the effective value of current:

S=U-1VA, (24)
where U is the effective value of voltage
1 T
I I

U= /Tjou (0)dt B, (25)
I is the effective value of current

1 T

2

I= /?Jz (1)dtA. (26)

The reactive component can be defined from
power triangle:
0=VS*- P Var, (27)

The results of calculations are shown in Table 1.

Table 1. The calculations of power values

Waveform Active P, W Rea:,t;:‘le e Appa‘;:nt 5
Trapezoidal 245935 311.042 396.524
Triangular 123.982 156.947 200.01
Rectangular 310.11 444147 541.697

Pure sinusoidal 188419  235.994 301.985

The power curves are shown in Fig. 6.

In accordance with [9, 12], state-of-the-art
electronic meters can take account of electric
energy which is consumed by the load at the fre-
quency of fundamental and higher harmonics.

For active energy meters:
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Fig. 6. Apparent power curve shapes: T — rectangular, 2 — trape-
zoidal, 3 — triangular, 4 — ideal sine wave

40
W,=3U, -1 -cosp,t=) Pt (28)
n=0
For reactive energy meters:
(29)

40
W,=2U,-1, -sinq),,-t:ZQ” -1,
n=0

where t is current time; the value of phase-shift
angle ¢ is determined from the expression (23)
separately for each harmonic.

Provided t = const, the electric energy con-
sumed in electrical network is proportional to
power magnitude:

W,=P,W,=Q. (30)

Using the data of Table 1, for trapezoidal
voltage waveform the amount of electric ener-
gy input (for the specified electrical network)
will be 31.31% higher than with sinusoidal sup-
ply voltage; for triangular 50.99% lower, and for
rectangular 79.38% higher. In these calculations
the amount of ‘pure sinusoidal’ energy is regarded
as 100%.

The readings of active energy meters oper-
ating by the formula (24) show 30.52% higher
consumption with trapezoidal voltage waveform,
51.97% lower with triangular, and 64.59% higher
with rectangular.

Reactive power meters exercising registra-
tion by the formula (25) will show 31.8% higher

consumption with trapezoidal voltage waveform,
50.37% lower with triangular, and 88.2% higher
with rectangular.

CONCLUSIONS

The presence of higher harmonic distortions sig-
nificantly affects the amount of electricity which
is consumed by the mixed load (RLC-circuit). If
the grid voltage has a shape closed to trapezoidal
or rectangular, the load takes more power (real
and reactive as well) compared with sinusoidal
voltage waveform of the same amplitude. Modern
electricity meters can account for electricity ex-
tra-intake caused by the presence of higher har-
monics. Therefore, the consumer will have to pay
more for electricity.

Active power meters operating by equation
(24) will show nearly 1/3 higher consumption in
case of trapezoidal voltage waveform and nearly
2/3 higher in case of rectangular voltage waveform.

The readings of reactive power meters oper-
ating by equation (25) will be nearly 1/3 higher if
voltage waveform is trapezoidal and nearly 9/10
higher when voltage waveform is rectangular.

For triangular waveform the opposite situa-
tion is observed: active and reactive energy me-
ters will register approximately 1/2 less energy
consumption compared with the condition of
pure sinusoidal voltage.

The above-mentioned calculated ratios do
not depend on supply voltage amplitude. For
the trapezoidal waveform, meter readings rely
on the length of the trapezoid angled face (the
length on the x-axis) designated by a in Fig. 1. If
a tends to zero, then electricity consumption will
increase, while if it tends to /2, electricity con-
sumption will decrease.
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NESINUSINES MAITINIMO ITAMPOS JTAKA
ENERGIJOS SUVARTOJIMUI IR SKAITIKLIO
RODMENIMS

Santrauka
Generuojant, transformuojant, skirstant ir naudojant
elektros energija neretai iSkraipomi sinusiniai jtam-
pos ir srovés signalai. Vartotojy apkrovos dazniausiai
yra netiesinés, ir didziaja visy iskraipymy dalj sudaro
bitent tokiy apkrovy jjungimas j tinklg. Siuolaikiniai
elektros skaitikliai dauguma harmoniky atpazjsta ir |
juos atsizvelgia, dazniausiai su priimtinomis paklaido-
mis. Taciau jeigu maitinimo jtampos ir srovés ampli-
tudés tokios pacios, o harmoniky sudétys skirtingos,
skaitikliy rodmenys gali labai jvairuoti. Straipsnyje ap-
raSoma, kaip maitinimo jtampos ir srovés harmoniky
sudétis veikia elektros skaitikliy rodmenis. Isnagrinéti
santykiai nepriklauso nuo maitinimo jtampos ampli-
tudés dydzio.

Raktazodziai: elektros energijos skaitiklis, harmo-

nikos, jtampa, srové, rodmenys



