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The aim of the scientific research provided in the article is 
to increase the operational reliability of high-voltage power 
transformers by reducing the possible risks when diagnosing 
high-voltage equipment based on the analysis of gases dissolved 
in oil. We described the method for determining the boundary 
(typical) gas concentrations by the integral function method, 
which is recommended by some existing standards, and the 
author’s method for determining the boundary concentrations 
of gases ensuring a minimum of possible economic damage 
in case of taking erroneous decisions. The analysis of bound-
ary concentrations of gases obtained by the method of inte-
gral functions and the method of minimum risk showed that 
boundary values differ significantly for the same data, depend-
ing on the method of determination. To determine the reliabil-
ity of decision-making we used a comparative analysis of risk 
values that may arise while making a diagnosis of high-voltage 
transformers based on the analysis of gases dissolved in oil, the 
boundary values of gas concentrations obtained by the integral 
function method and the minimum risk method, as well as the 
boundary values of gas concentrations regulated by known in-
ternational and national standards were used.

The study has revealed that the use of typical values of gas 
concentrations obtained by integrated distribution functions is 
accompanied by one of the highest risk values. The lowest risk 
value is provided by the boundary concentrations obtained by 
the minimum risk method. The method proposed for deter-
mining the boundary values of gas concentrations, taking into 
account the influence of the most relevant factors, allows sig-
nificantly lower the values of possible risks and consequently 
can increase the operational reliability of high-voltage trans-
formers, especially those that are used outside the normative 
service life.

Keywords: diagnostics, transformers, analysis of dissolved gas-
es, boundary and typical concentrations, integral distribution 
functions, minimum risk method, probabilities of erroneous 
and correct decisions
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INTRODUCTION

Electric power industry is the basic branch of the 
economy of any state, practically the entire infra-
structure of modern civilization depends on its 
functioning. In connection with this, ensuring 
the reliability of high-voltage equipment, espe-
cially the one that operates outside the normative 
service life, is an actual and practically significant 
task. Currently, one of the methods of non-de-
structive diagnostics, which has found wide ap-
plication in almost all countries, is the analysis 
of dissolved gases in oil (DGA). This method al-
lows to detect up to 80% of all defects in oil-filled 
equipment. In most known standards [1–5], the 
interpretation of DGA results as a primary indi-
cation of the presence of a defect uses an excess 
of gas concentrations, some values called bound-
ary or typical values. In some standards [4, 5] for 
the boundary gas concentration a 90–95% point 
is taken for the integral concentration distribu-
tion function obtained for 100 or more units of 
the same type of defect-free equipment. However, 
according to the method of determination and in 
terms of its physical nature, the values obtained 
are not boundary values, but typical concentra-
tions. Therefore, they are the maximum concen-
trations of gases that can be detected in 90 to 95% 
of the equipment from the total quantity that does 
not show signs of a defect. Boundary concentra-
tions mean the separation of two states of defec-
tive and defect-free. They cannot be determined 
only on the basis of a statistical analysis of the 
results of DGA obtained from a normally operat-
ing equipment. As noted in [1], the identification 
of boundary and typical concentrations is erro-
neous. In this connection, an objective necessity 
arises to develop a method that would allow us to 
determine the boundary concentrations of gases 
dissolved in oil, taking into account the influence 
of the most significant factors and the subsequent 
evaluation of the reliability of the decisions taken. 
At present, a large number of studies have been 
devoted to the determination of the boundary 
concentrations of gases as a key indicator of the 
risks and a failure of a transformer [6–10]. At the 
same time, different approaches are used to deter-
mine them. So in [6] it is suggested to choose the 
limiting level Fx taking into account the failure 
rate for this type of equipment and the bound-

ary values to be determined taking into account 
the most significant factors. In [7] the boundary 
concentrations were determined on the basis of 
the Neumann-Pearson criterion, in [8] a method 
based on the Bayesian rule for the construction of 
boundaries for the partition of the classes of states 
was used. In [9–10] boundary values of gas con-
centration were determined by the minimum risk 
method for transformers of a leaky design, filled 
with different grades of oils. However, despite a 
considerable volume of publications, a compara-
tive analysis of the reliability of decision-making, 
when using the boundary values of gas concen-
trations that were obtained by different methods, 
was not performed, which was the reason for 
writing this article.

DETERMINATION OF TYPICAL 
GAS CONCENTRATIONS BASED ON 
ANALYSIS OF INTEGRAL DISTRIBUTION 
FUNCTIONS

To compare the risk values using typical and 
boundary values of gas concentrations, to diagnose 
oil-filled equipment based on DGA results, typical 
values of gas concentrations were determined. As 
initial data, the results of DGA were used for 133 
serviceable transformers with a rated power of 25 
MVA/110 kV, type TRDN (two-winding trans-
former whose low-voltage winding is split) filled 
with oil of mark TKp (transformer oil obtained 
from low-sulfur naphthenic oils by the method of 
acid-base cleaning) [10]. These transformers are 
in operation for more than 25 years. The typical 
concentration of any gas was such a value below 
which the concentration of the gas in 90% of the 
total number of transformers surveyed turns out. 
Typical concentrations were determined from the 
integral distribution functions (Fi) as follows [4, 5]:

1. The measured concentrations for each gas 
over all the transformers were broken into L 
intervals (Sturgess’s formula was used to deter-
mine the number of intervals):

L = 1 + 3.322 lgN, (1)

where N is volume of sampling values.
2. At each interval, the probability was found 

of the sampling values to fall within a given in-
terval:
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, (2)

where nLi is number of values in a given interval.
3. The values of the integral distribution func-

tion with allowance for (2) were obtained as:

, (3)

where k < L.
4. A typical concentration for each gas was de-

termined at FLi = 0.9, graphically see Fig. 1. The 
results of the calculation are given in Table 1.

DETERMINATION OF THE BOUNDARY 
VALUES OF GAS CONCENTRATIONS BY 
THE MINIMUM RISK METHOD

The studies carried out in [9–11] have shown that 
the distribution of gas concentrations in both de-
fect-free transformers and transformers with de-

veloping defects can be described by the Weibull 
distribution with the density:

, (4)

where α is scale parameter and β is  shape para-
meter.

Values of the scale and shape parameters for 
serviceable transformers of leaky design TRDN – 
25 MVA, 110 kV and for transformers with deve-
loping defects [10] are given in Table 2. 

Figure 2 shows the densities of theoretical 
Weibull distributions for ethylene concentra-
tions for serviceable and defective transformers. 
Analysing Fig. 2, it is easy to see that the Wei-
bull density distributions for the defect-free and 
defect states of the transformers intersect. And 
this means that it is in principle impossible to 
determine the boundary values that would not 
give wrong decisions.

Since in the diagnosis of the state of high-volt-
age power transformers the price of error of the 

Fig. 1. Determination of the typical concentration of ethylene based on the analysis of integrated distribution functions

Ta b l e  1 .  Typical values of gas concentrations obtained from the results of DGA transformers of a leaky design TRDN-110 kV, oil-filled mark 
TKp, based on the analysis of integrated distribution functions

Dissolved gases in oil

Methane (CH4) Ethane (C2H6) Ethylene (C2H4) Acetylene (C2H2) Hydrogen (H2)

0.0061 0.0032 0.0068 0.00016 0.0027

0                  0.02                  0.04                 0.06                 0.08                  0.1
C2H4, % Vol

C2H4

F

1.1
1

0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1

0



140 Oleg Shutenko, Olena Proskurnia, Volodymyr Abramov

second kind (it is decided that the defective trans-
former is in good condition) is much higher than 
the price of the error of the first kind (a decision 
is made about the presence of a defect in a work-
ing transformer), then to determine the boundary 
values of the gas concentrations the criterion of a 
minimum of average risk is used. We determine 
that the decision on the working condition of the 
transformer is adopted if the concentrations of all 
gases do not exceed the corresponding boundary 
values. If the concentration of at least one gas ex-
ceeds the corresponding boundary value, then a 
decision is made about the presence of a defect.

The expression for determining the average 
risk [12] in the diagnosis of the complex of fea-

tures, taking into account that the correct deci-
sions are not encouraged, can be represented as:

R = C21P1P21 + C12P2P12, (5)

where P1 is probability of a defect-free state of 
the transformer (determined by preliminary sta-
tistical data), P2 is probability of occurrence of 
a defect in the transformer (determined by pre-
liminary statistical data), P21 is probability that 
in a defect-free transformer gas concentrations 
exceed the boundary values, P12 is probability 
that in the presence of a defect in the transform-
er, the concentration of gases will be below the 
boundary values, C21 is conditional price of a 

Ta b l e  2 .  Values of scale and shape parameters for serviceable transformers of leaky design TRDN-25 MVA, 110 kV and for transformers 
with developing defects

Gas

Transformers condition

Normal Defective

α β α β

Hydrogen (H2) 0.0017 1.89445 0.055464 2.503356

Methane (CH4) 0.00388 3.10723 0.041635 2.194290

Ethane (C2H6) 0.003412 2.741809 0.030929 2.421890

Ethylene (C2H4) 0.00494 3.415061 0.065647 2.115252

Acetylene (C2H2) 0.000470 4.420299 0.019442 1.761373

Fig. 2. Density of theoretical distributions of ethylene concentration for serviceable (D1) and defective (D2) state transformers of a leaky 
design TRDN-25 MVA, 110 kV
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false alarm, and C12 is conditional price of cross-
ing targets.

The values of the probabilities of erroneous 
decisions in the diagnosis of equipment by the 
content of five gases [9, 10] can be represented as:

The probability of an error of the first kind (the 
probability that in good transformers the concent-
ration of one, two, three, four or all five gases ex-
ceeds the boundary values) can be represented as:

          (6)

,

where СН4, С2Н4, С2Н2, С2Н6, Н2 are values of 
gases concentrations; СН4b, С2Н4b, С2Н2b, С2Н6b, 
Н2b are boundary values of gases concentration; 
СН4(0), С2Н4(0), С2Н2(0), С2Н6(0), Н2(0) are lower 
limit of detection of the respective gas chroma-
tograph; αСН4

, αС2Н4
, αС2Н2

, αС2Н6
, αН2

 are scale pa-
rameters of the Weibull distribution law, for the 
concentrations of defect-free transformers; βСН4

, 
βС2Н4

, βС2Н2
, βС2Н6

, βН2
 are shape parameters of the 

Weibull distribution law, for gas concentrations 
in the defect-free transformers.

The probability of an error of the second kind 
(the probability that when the defect develops the 
concentrations of all five gases will be less than 
the boundary values) can be represented as:

 

,

  

(7)

where ηСН4
, ηС2Н4

, ηС2Н2
, ηС2Н2

, ηН2
 are scale para-

meters of the Weibull distribution law, for con-
centrations of defective transformers; γСН4

, γС2Н4
, 

γС2Н2
, γС2Н2

, γН2
 are shape parameters of the Wei-

bull distribution law, for defective gas concentra-
tions in transformers.

To determine the boundary values of gas con-
centrations, an approach based on gradient de-
scent methods was used, in particular, the Nel-
der-Mead method [13]. The Nelder-Mead method 
also known as the deformable polyhedron me-
thod allows one to obtain the values of variables 
that ensure the minimum of a certain function. 
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To determine the boundary values, the minimum 
risk method was implemented in the form of the 
author’s program “BOUNDARY”. The “BOUND-
ARY” program allows not only to determine the 
boundary values of diagnostic signs for different 
distribution laws, but also calculates the probabil-
ity values of correct and erroneous decisions, as 
well as the risk values. By analogy with [9, 10], the 
calculation of the boundary values was carried out 
for P2 = 0.05 d.u., P1 = 0.95 d.u. and the price ratio 
of the erroneous solutions C = C12/C21 = 10000. As 
parameters of distribution laws, for defect-free and 
defect states, the values given in Table 2 were used. 
The values of concentrations of gases, which were 
calculated using the program “BOUNDARY”, are 
given in Table 3.

COMPARATIVE RISK ANALYSIS

Comparing the values given in Table 1 and Table 
3 it is easy to see that the boundary values of the 
concentrations of gases that are obtained for the 
same data by different methods substantially dif-
fer. Consequently, their use will be accompanied 
by different risk values. To assess the reliability of 
the decision, an analysis was made of the mean 
risk [14], which is accompanied by the use of the 
obtained boundary and typical concentrations. 
The values of the probabilities of correct (P11 
and P22) and erroneous solutions (P21 and P12), as 
well as the risk values obtained using typical and 
boundary values of gas concentrations are given 
in Table 4.

Ta b l e  3 .  Boundary gas concentrations obtained from the results of DGA transformers TRDN-110 kV, oil-filled mark TKp, the method of 
minimum risk

Dissolved gases in oil

Methane (CH4) Ethane (C2H6) Ethylene (C2H4) Acetylene (C2H2) Hydrogen (H2)

0.009 0.00884 0.0107 0.00086 0.00663

Ta b l e  4 .  The values of the probabilities of errors of the first and second kind and the probabilities of the correct solutions, as well as the 
values of the risks when using the boundary values of the gas concentrations which were obtained by different methods

No. Method/Standard
Values of the probabilities of correct and erroneous 

solutions R
P11 P21 P22 P12

1.
The method of integral functions for 

transformers of a leaky design 
TRDN-110 kV, oil-filled mark TKp

0.00410 0.99590 0.999999 3.1 ∙ 10–12 0.946

2.
The minimum risk method for transfor-
mers of a leaky design of TRDN-110 kV, 

oil-filled mark TKp
0.99999 5.3 ∙ 10–6 0.999999 3.6 ∙ 10–8 2.3 ∙  10–5

3.
The minimum risk method for transfor-
mers of a leaky design of TDTN-110 kV, 

oil-filled mark T-1500 [9]
0.99986 0.00014 0.999992 7.3 ∙ 10-6 0.00381

4. IEC 60599 [1] 0.99999 6.2 ∙ 10–7 0.999985 1.4 ∙ 10–5 0.00723

5. IEEE Std C57.104 (USA) [2] 0.99999 1.5 ∙ 10–5 0.999377 6.2 ∙ 10–4 0.311

6. Dornenburg [3] 0.42536 0.57464 0.999999 3.7 ∙ 10–9 0.546

7. SOU-N ЕЕ 46.501:2006 (Ukraine) [4] 0.99999 1.5 ∙ 10–5 0.999999 7.3 ∙ 10–7 0.00038

8.
RD 153.34.0-46.302-00

(Russia) [5]
0.94221 0.05779 0.999999 3.4 ∙ 10–8 0.0549

9. Duval [15] 0.00069 0.99931 0.999999 4.5 ∙ 10–10 0.9493

10. EDF (France) [16] 9.1 ∙ 10–6 0.99999 0.999999 1.1 ∙ 10–9 0.9499

11. BBC (Switzerland) [16] 0.07594 0.924051 0.999999 1.4 ∙ 10–9 0.877
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Ta b l e  4 .  ( c o n t i n u e d )

No. Method/Standard
Values of the probabilities of correct and erroneous 

solutions R
P11 P21 P22 P12

12. OY STROMBERG (Finland) [16] 0.99998 1.5 ∙ 10–5 0.999998 1.5 ∙ 10–6 7.7 ∙ 10–4

13. HYDRO QUEBEC (Canada) [16] 0.01742 0.98257 0.999999 6.8 ∙ 10–10 0.933

14. SECR (Japan) [16] 4.9 ∙ 10–5 0.99995 0.999999 7.1 ∙ 10–7 0.950

15. California State University (USA) [16] 0.65772 0.34228 0,999998 2.5 ∙ 10–6 0.326

16. Northern Technology & Testing (USA) [17] 0.65578 0.34422 0.999999 8.8 ∙ 10–7 0.327

17. MSZ-09-00.0352 (Malaysia) [18] 0.01104 0.98896 0.999999 5.7 ∙ 10–11 0.939

18. Energopomiar (Poland) [19] 0 1.0 0.99732 0.00268 1.340

For completeness of analysis, Table 4 lists 
the risk values that could arise when diagnosing 
the transformers under analysis using boundary 
values that are recommended by known stand-
ards or obtained for another type of equipment. 
As can be seen from the table, the use of typical 
values of gas concentrations obtained using inte-
grated distribution functions is accompanied by 
one of the highest risk values.

Higher risk values occur when using the 
boundary values of gas concentrations recom-
mended by standards Energopomiar (No. 18), 
SECR (No. 14), EDF (No. 10) and Duval (No. 9). 
Boundary values which are recommended by 
other standards provide a lower risk value than 
typical values obtained by the method of inte-
gral functions. Obviously, the lowest risk value 
is provided by the boundary concentrations ob-
tained by the minimum risk method. However, 
by comparing the risk values calculated for the 
boundary concentrations of gases obtained by 
the minimum risk method for equipment filled 
with different types of oil (No. 2 and No. 3) it is 
easy to see that the use of the boundary values 
of the oil-filled T-1500 (transformer oil obtained 
from low-sulfur oils by the method of sulfuric 
acid and selective purification) for transformers 
filled with oil TKP leads to a significant increase 
in risks. Thus, in order to minimize the risk val-
ue, and as a consequence of ensuring minimum 
economic damage, using only the minimum 
risk method is not enough. The boundary val-
ues of gas concentrations must be determined 
taking into account the type of protection of 
oils, oil type, loading of transformers and other 
factors.

CONCLUSIONS

The above results show that the use of the inte-
gral function method to determine typical val-
ues of gas concentrations leads to a significant 
increase in the mean risk, compared to the risks 
that accompany the use of the boundary values 
of gas concentrations recommended by the cur-
rent standards. This is due to the fact that in 
determining the values of typical gas concentra-
tions, gas distributions in equipment with deve-
loping defects are not taken into account. In con-
nection with these, in order to reduce the risks 
in the diagnosis of oil-filled equipment, accord-
ing to the results of DGA, the boundary values 
of gas concentrations should be determined 
using statistical methods, in particular, the min-
imum risk method. At the same time, it should 
be borne in mind that to ensure the minimum 
value of risk, it is not enough to use only the 
methods of statistical decisions. The minimum 
risk value, when diagnosing high-voltage trans-
formers based on the analysis of dissolved gases 
in the oil, is provided by the boundary values of 
concentrations obtained by the minimum risk 
method, taking into account the type of protec-
tion of oils, grade of oil, loading of transformers 
and other factors.
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AUKŠTOS ĮTAMPOS TRANSFORMATORIŲ 
DIAGNOSTIKOS SPRENDIMŲ, SUSIJUSIŲ SU 
TIPINE IR RIBINE DUJŲ KONCENTRACIJA, 
RIZIKOS LYGINAMOJI ANALIZĖ 

Santrauka
Straipsnio tyrimo teminė sritis – aukštos įtampos 
galios transformatorių eksploatacinis patikimumas. 
Siekiama mažinti transformatorių gedimų riziką, diag-
nozuojant transformatorių būklę pagal alyvoje ištirpu-
sių dujų analizės rezultatus. Straipsnio tyrimo objektas 
yra dviejų diagnostikos metodų lyginamoji analizė. 
Šiais metodais nustatoma tipinė ir ribinė dujų kon-
centracija alyvoje. Lyginamas autorių teikiamas mini-
malios rizikos metodas ir praktikoje žinomas (kai kur 
standartizuotas) integralinių funkcijų metodas. Dujų 
ribinių koncentracijų, gautų integralinių funkcijų me-
todu ir minimalios rizikos metodu, analizė parodė, 
kad jos labai skiriasi, esant tiems patiems pradiniams 
duomenims. Taikant pastarąjį metodą nustatomos ma-
žiau rizikingos ribinės koncentracijos. Šį metodą re-
komenduotina taikyti pirmiausia transformatoriams, 
dirbantiems ilgiau nei jų nustatytas darbo amžius.

Raktažodžiai: diagnostika, transformatoriai, ištir-
pusių dujų analizė, ribinės ir tipinės koncentracijos, in-
tegralinės pasiskirstymo funkcijos, minimalios rizikos 
metodas, klaidingų ir teisingų sprendimų tikimybės


