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Due to their numerous technical and economic advan-
tages, induction machines (IM) with squirrel-cage rotors
are important components of many industrial processes.
Their reliability, durability, and ease of operation make
them indispensable in various industries, ensuring stable
and efficient equipment performance. However, to mini-
mise the risk of costly production failures caused by sud-
den stoppages, it is important to implement effective diag-
nostic and monitoring methods. The most common type
of fault in squirrel-cage induction motors is the breakage
of cage bars and end ring segments, particularly in mo-
tors with high inertia loads and frequent stops and starts.
Regular maintenance and the implementation of modern
control systems in the industry will help ensure the reli-
able and uninterrupted operation of these machines. In
the technical literature, various diagnostic methods have
been proposed. Some are based on analysing data col-
lected from the induction motor (IM), detecting charac-
teristic perturbations that indicate faults in the machine.
Other methods involve comparing the data obtained from
the actual induction motor with its digital model. It is clear
that accurate and adequate IM models are necessary for
the development and optimisation of fault diagnosis me-
thods. This paper focuses on developing a mathematical
model of an induction motor (IM) in a stator-fixed co-
ordinate system, where the squirrel-cage rotor of the IM
is represented as a multiphase, symmetrically distributed
winding system in space. The adequacy of the obtained
model is demonstrated. The developed model allows for
the analysis of various types of asymmetries in both stator
and rotor of squirrel-cage induction motors

Keywords: induction motor, squirrel-cage, voltage asym-
metry, winding asymmetry, broken bar fault
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INTRODUCTION

As a rule, the operation of an induction motor
(IM) takes place under conditions that are far
from ideal, which leads to the necessity of consid-
ering various types of asymmetries that adversely
affect both operating modes and technical and
operational indicators of IM operation.

The most common types of asymmetries that
have the most significant effect on IM performan-
ce include:

1) asymmetry of supply voltages,

2) parametric asymmetry of stator windings,

3) a break in the rods of the squirrel-cage,

4) local defects of the stator magnetic core.

However, as a rule, the known models of IM
do not take possible varieties of the design-para-
metric asymmetry into account.

The technique of using transformed orthog-
onal coordinate systems is the most widespread
in the practice of mathematical modelling of IM.
This approach cannot be used to study IM with
the parametric asymmetry of stator or rotor
windings, which follows from the applied coordi-
nate transformation technique.

Modelling of IM in the natural system of pha-
se coordinates does not allow for the investigation
of operation modes of squirrel-cage induction
motors (SCIMs), taking the real design of squir-
rel-cage rotor into account.

Considering the design-parametric asymme-
try, the study of IM operation modes is an im-
portant component in the development of IM
monitoring and diagnostics systems. Therefore,
the task of developing a sufficiently univer-
sal model of an induction motor, considering
the most important types of the design-paramet-
ric asymmetry, is important and urgent.

LITERATURE REVIEW

In [m], the authors propose an algorithm that
combines Park’s vector approach and its extended
variant for detecting and identifying broken rotor
bar faults. Detection of this fault is possible using
ParK’s vector approach by observing the thickness
and orientation of Park’s vector pattern.

In [E], an approach is proposed where faults in
the bearing of a three-phase IM are detected by se-
lecting frequencies in the stator current spectrum.

In [E], a method is proposed for detecting
broken bar faults and assessing their severity
during start-up conditions. The approach in-
volves using successive variable mode decom-
position along with quadratic regression of
the squared instantaneous frequency to analyse
the stator starting current and extract the fault
components.

A method of using deep neural networks for
monitoring stator and rotor damage is dealt with
in [H], while [E] explores the application of in-
formation entropy analysis to the electrical cur-
rent supplied to an IM during both start-up and
steady-state conditions.

In [H], the potential of using Least Squares
Support Vector Machines (LS-SVM) for detect-
ing partial ruptures in rotor bars of squirrel-cage
induction machines is explored. The study em-
ploys spectral analysis of the stator current
using the Fast Fourier Transform (FFT) meth-
od to identify fault frequencies associated with
these partial ruptures in the rotor bars of squir-
rel-cage IMs.

A method for detecting broken rotor bars
in a three-phase squirrel-cage induction motor
using vibration signals combined with High-
er-Order Statistics and machine learning meth-
ods is proposed in [ﬂ], and [E] suggests using
cascaded neural structures for detecting electri-
cal circuit damage in an induction motor with
a frequency converter. The diagnosis of induc-
tion machines using artificial neural networks
based on the analysis of stator current as input
features is addressed in [E]. The paper provides
a comparison of the effectiveness of different
types of artificial neural network (ANN) classifi-
ers in detecting faults in asynchronous machines
(rotor and bearing faults).

Application of the discrete wavelet transform
(DWT) method with the analysis of stator cur-
rent in SCIM for detecting broken rotor bars is
discussed in [E].

The focus in [] is on the problem of de-
tecting rotor asymmetry faults using modified
motor current signature analysis, which is based
on advanced time-frequency transforms such as
the continuous wavelet transform.

A new method for analytical modelling
of induction motors with asymmetrical cage
windings using a tensor-based approach is
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proposed in []. It greatly simplifies the process
by applying standard tensor algebra.

The issues of mathematical modelling of
induction motors in the phase coordinate sys-
tem, allowing for the consideration of various
types of stator winding asymmetry, are inves-
tigated in []. However, the proposed model
does not allow for examining the actual design
of a short-circuited rotor in the form of a closed
multi-bar squirrel-cage.

A computer-integrated system designed for
automatic control in centrifuges with variable
imbalance is introduced in [@? The system uti-
lises a computer-oriented Bond Graph model of
an induction motor with a squirrel-cage rotor.

[@] is the first to thoroughly investigate
the paths of voltage sag propagation, covering
all four types of short-circuits and their connec-
tions with other grid events (interruptions, tran-
sients, imbalances).

Finally, [[l§] proposes using mathematical
models to forecast the values of key indicators
of energy efficiency and operational reliability
of electrical systems and motors, as well as their
energy parameters, in order to select the optimal
operating mode. For this purpose, the spectra of
current and asymmetry are measured at the ter-
minals of the motors.

MATERIALS OF THE STUDY

The issue of accounting for the complex design
of a short-circuited rotor in the form of a closed
multi-rod squirrel-cage is relatively little investi-
gated. Figure [l displays the diagram of a healthy
squirrel-cage induction motor. In it, vertical
lines represent the rotor bars and horizontal
lines depict the end rings. Two rotor bars and

Fig. 1. Modelling of a healthy squirrel-cage induction motor

their connections are shown as a single circuit,
with independent currents flowing through each
loop, and all loops being equal. The rotor cur-
rent loop is denoted as i, which varies across
different bars. The i is the current in the rotor
circuit.

To investigate the influence of breakage of
the rotor squirrel-cage rods on IM operation, we
used the representation of the IM rotor as a sys-
tem of multiphase windings, in which each rotor
rod was considered as a separate winding.

To derive the equations of the theoretical
mathematical model of an IM with a multiphase
rotor, we applied the theory of the generalised
electromechanical converter.

In deriving the equations, we used the com-
monly accepted assumptions associated with
the concept of an idealised engine:

« unsaturated engine steel,

« the stator phase windings are uniformly
distributed in space,

« rods of the squirrel-cage of the rotor are
uniformly distributed in space,

« distributed windings in reality are repla-
ced with concentrated windings, and the ma-
gneto-motive force (MMF) is assumed to
match the MMF of the actual winding,

« the winding and magnetic fields propa-
gate sinusoidally along the circumference of
the air gap.

Let us represent the IM as a system of mag-
netically coupled windings. For the sake of gen-
erality, we will assume that the stator winding is
a multiphase winding. On the stator, there are
M-windings connected to the M-phase power
supply. On the rotor, there are N short-circuit-
ed windings, where N equals to the number of
squirrel-cage rods (Fig. @).
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Fig. 2. Scheme of mutual arrangement of stator and rotor wind-
ings of a multiphase IM for the case of the number of stator phases
M=3

The system of equations of electrical equilibri-
um of a motor with a multiphase rotor in matrix
form will have a known form:

[U)=[R]-[10)]+ v o) (1)

The following notations are adopted in this
equation:

The vector-column of stator supply voltages
has dimension M:

(UJ=[U,U,...U,]" (2)
Let us introduce additional notations:
ps=21/M; p, = 21/N. (3)

Then, the stator supply voltage in a general
form can be written as follows:

Uk:\/E-Uf-sin((,gc-t—ps-(k—l)} (4)

where w_ = 27 - f - p is the angular speed of ro-
tation of the stator field with the frequency of
the supply network fat the number of pole pairs p.
The supply voltage column vector for a squir-
rel-cage rotor is a zero vector of dimension N.

[U]=[00...0]". (5)

Then the vector-column of supply voltages in
cell-matrix form is

_|Us
- [UR}’ ©)

and has dimension M+N.
Similarly, the vector-column of stator winding
currents has dimension M:

[L)=(11,..1]" (7)

Vector-column of rotor winding currents of
dimension N:

()= (I, I, ...[,]" (8)

R17R1 °"" "R

Vector-column of currents in cell-matrix form
is equal to

1
CIr| 9)

The square diagonal matrix of active resis-
tances [R] has dimension (M+N) x (M+N). The el-
ements of the main diagonal of this matrix are
equal to theactive resistances of the corresponding
windings, which allows the modelling of the op-
eration modes of IMs with asymmetrical active
resistances.

Similarly to the currents, the column vector of
stator winding fluxes has dimension M:

(10)

Vector-column of the rotor winding fluxes of
dimension N:

(¥, ]=[V, 7, ... V]

RN

(11)

The vector-column of fluxes in the cell-matrix
form is equal to

(12)

The flux equation for each winding can be wri-
tten in the form:
j=N,j#k
szlk-Lk+Zj:] 1,-M,, (13)

where v, I, L are the flux-coupling, current and
inductance of the winding with index k; Ij, Mk]_
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current of the j-th circuit and mutual inductance
of windings with indices k and j.

The currents of each winding can be divided
into two components: those formed by the cur-
rents of windings that are stationary, relative to
each other, and those of windings that rotate re-
lative to each other at rotor speed.

The stator winding eigeninductance matrix
can be written in the following form:

(L

1=[L (14)

SS N

where L, is a square diagonal matrix of intrin-
sic dissipation inductances of dimension MxM;
the elements of the main diagonal of this ma-
trix are equal to the dissipation inductances of
the stator windings; M, is a square matrix of
mutual inductances between the stator wind-
ings of dimension MxM; the elements of this
matrix are equal to the mutual inductances be-
tween the corresponding stator windings. Since
the stator windings are shifted in space relative
to each other by the value p,, the expression
of the mutual inductance between the stator
windings with indices j and k can be written as
follows:

M [j, k] = m - cos (p,- (k - j));
(15)
j=1..Mk=1..M.
The individual terms of (14) in the expanded
form are as follows

where [ ; - dissipation inductance of stator phase
of IM stator; m - maximum value of mutual in-
ductance between stator phases.

g 0 - 0 O

0 5 - 0 0
Lgg =|- o oo oo s

0 0 Iz O

0 0 0I5

my-cos(pg-(1-1)) my-cos(pg-(2-1))

m|~cos(ps~(l—2)) m1'COS(pS'(2—2))
Migs =|

ml-cos(py(lf(Mfl))) ml-cos(ps-(27(M71)))
ml-cos(pS~(1—M)) ml-cos(ps-(Z—M))

Similarly, taking into account the number of
rotor phases, the own inductance matrices of
the rotor windings can also be represented thus:

[Lygl = [Lgp] + M, ],

RR SR] RR

(17)

where L, is a square diagonal matrix of intrin-
sic dissipation inductances of dimension NxN;
elements of the main diagonal of this matrix
are equal to dissipation inductances of rotor
windings; M, is a square matrix of mutual in-
ductances between rotor windings of dimension
NxN; elements of this matrix are equal to mu-
tual inductances between corresponding rotor
windings. Since the rotor windings are shifted
in space relative to each other by the value p,,
the expression of the mutual inductance be-
tween the rotor windings with indices j and k
can be written as follows:

M, [ik]=m,-cos(p,-(k-)kj=1...N;k=1...N. (18)

Next, a matrix of mutual inductances between
the stator windings and the rotating rotor wind-
ings must be compiled.

Based on geometrical considerations, in
Fig. , the formula for the mutual inductance
between the rotor winding with number n and
the stator winding with number m can be writ-
ten as follows:

MSmRn = mo - COs (Y(t))_ Ps (m - 1) + PR (” _1))> (19)

where m is the maximum value of mutual in-
ductance between stator and rotor windings at
the coincidence of their axes; y(f) is the instanta-
neous value of rotor rotation angle.

(16)

ml~cos(ps~(M—1—1)) m1~cos(ps-(M—1))
m]~cos(ps‘(M—l—2)) m ~cos(p5-(M—2))

~cos(ps-(M7(M71)))
~cos(ps-(M—M))

my-cos(pg- (M —=1=(M =1))) m
ml~cos(ps~(M—1—M)) m
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The matrix of mutual inductances between
the stator and rotor windings will generally be
a rectangular matrix of dimension MxN.

Then the full matrix of mutual inductances of
a multiphase IM can be represented in the fol-
lowing cell-matrix form:

(20)

This matrix is square and has dimension
(M+N) x (M+N).

The torque of an induction motor can be cal-
culated as follows [@]:

Z
TE:T};[‘PA (Ig—1Ic)+

21)
+Wp(Ie—14)+¥e(Iy4-1p)],
or by a more general expression
3 —
Tp=—72Z,(¥1xI1)=
27P ( ) (22)

~ 37 (s =)

The space vectors of stator flux-current and
current can be determined from their instanta-
neous values, taking into account the phase shift
of flux-current and current values of individual
phases of the induction motor:

_ N

(k-1
II= zlk.el(k )
k=1

(23)

The equation for describing the motion of
the rotating parts of an induction motor is de-
rived from the principle of conservation of mo-
mentum. When the moment of inertia remains
constant, this equation is analogous to Newton’s
second law for rotational motion:

do,

TE—TL:J 5

” (24)

where T, - electromagnetic torque of electric motor,
Nm; T, -load torque, Nm; J - moment of inertia, Nm;
w, - angular speed of the engine rotor, s™'; £ - time, s.

REALISATION OF THE MATHEMATICAL
MODEL OF IM IN MATLAB

For mathematical modelling of asymmetrical
modes of IM, the induction motor type 4A90 L2

(Ukraine) with the following technical character-
istics was used:

Table 1. Parameters of the induction motor type 4A90 L2

Rated power, kW 3.0
Rated voltage, V 380
Rated stator current, A 6.4
Rated speed, rpm 2860
Nominal efficiency factor 0.845
Rated power factor 0.88
Efficiency factor at 75% utilisation 0.855
Power factor at 75% load IM 0.85
Inrush current multiplicity 6.0
Overload capability 2.5
Moment of inertia, kGm? 0.0049
Number of rotor bars 20
Table 2. Parameters of the T-substitution diagram
ar90l2 | R | R X [ X% [ X
(atalogue, ohm  2.4943 1.6282 1.9747 3.464 117.7871
(alculation,ohm ~ 2.3576 17783 2.9516 3.9878  104.405

The solution of the proposed equations was
implemented using LiveScript technology in
MATLAB. The ODE45 solver with relative toler-
ance le-6 and maximal integration step 0.0005
was used for the numerical solution of the pro-
posed equations of SCIM.

To check the adequacy of the developed
mathematical model using MATLAB, the solu-
tions for the standard configuration of SCIM
with three-phase symmetrical windings on
the stator and rotor were obtained. The obtained
solutions are presented in Fig. H

The obtained diagrams show that the sta-
tor inrush current, the magnetising current,
and the rated current coincide with the name-
plate values, which makes us optimistic about
the adequacy of the model.

Figure @ shows similar diagrams for SCIM
with the multiphase rotor, N = 20.

As follows from the given graphs, the values
of stator currents, performance indicators of the
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Fig. 3. Diagrams of starting and charging of nominal load (t = 0.5 c), obtained for SCIM with the number of rotor phases N = 3:
a — stator currents; b — rotor currents; ¢ — electromagnetic torque; d — angular velocity

a 60
40

t, s

-10
0 0.2 0.4 0.6

t,s

0.8

t, s

w, 1/S
[\)
()
()

0 0.2 0.4 0.6

t, s

0.8 1

Fig. 4. Diagrams of starting and charging of nominal load (t = 0.5 c), obtained for SCIM with the number of rotor phases N = 20:
a — stator currents; b — rotor currents; ¢ — electromagnetic torque; d — angular velocity

mechanical part of the SCIM do not change,
which is an indirect confirmation of the correct-
ness of the developed model.

For convenience of visualisation of the cur-
rents shape, the hodographs of space vectors for
the stator and rotor currents were constructed.

As it could be expected, in the symmetric mode
of operation, the hodographs of space vectors
for the stator and rotor currents were circles with
the centre at the origin, Fig. E

Figure H shows diagrams of stator phase cur-
rents in quasi-steady operation mode with un-

Godograph of rotor current
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a | Godograph of stator current b 0 Godograph of rotor current
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Fig. 5. Hodographs of space vectors for stator and rotor currents: a — the hodograph of the stator current vector; b — the hodo-
graph of the rotor current vector
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Fig. 6. SCIM stator currents under stator supply voltage asymmetry: a — stator currents at unbalanced supply voltage in phase B; b — stator
currents at unbalanced supply voltage in phase B, enlarged
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Fig. 7. Hodographs of space vectors for stator and rotor currents at unbalanced supply voltage: a — the hodograph of the stator
current vector; b — the hodograph of the rotor current vector
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balanced stator voltage. In the computational
experiment, it was assumed that the stator phase
B voltage is 90% of the nominal voltage. Graphs
Fig. Ha, Hb clearly show the differences in phase
currents caused by this type of asymmetry.

Also, there are pulsations of the electromagne-
tic torque of IM and asymmetrical distribution of
currents in rotor bars.

Figure ﬁ shows the hodographs of space vec-
tors for stator and rotor currents at unbalanced
supply voltages.

Figure § shows the diagrams of stator phase
currents in quasi-steady operation mode with
a winding fault in one of the stator phases. In
the computational experiment, 30% of turns

a 3 AIM-M 90L2, IA
IA(), A
IB(t),A
6 IC%g,A
4
2
<
S 0
-2
-4
-6
-8
2 2.05 2.1 2.15 2.2
t, s

in the stator phase B were assumed to be dam-
aged. Graphs a and b in Fig. E show the differ-
ences in phase currents caused by this type of
asymmetry.

Figure H shows the hodographs of the spa-
ce vectors for the stator and rotor currents at
the winding in phase B of the stator.

Let us investigate the operation of SCIM at
rotor rod breakage. The operation of SCIM starts
from a fully symmetrical, serviceable state. After
starting at idle, load build-up occurs at the mo-
ment of time ¢t = 1s. After the onset of a steady
state operation with nominal load at t = 2s,
the rotor rod break occurs, and the motor enters

AIM-M 90L2, TA

TA(t), A
1B(), A
7 1C(1), A
6
<5
S
4
6

2.05 2.06 2.07 2.08 209 21
t, s

Fig. 8. SCIM stator currents under turn-to-turn short circuit of the stator winding: a — stator currents, short circuit in phase B; b — stator

currents, short circuit in phase B, enlarged
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Fig. 9. Hodographs of space vectors for stator and rotor currents at winding fault in phase B of the stator: a — the hodograph of
the stator current vector; b — the hodograph of the rotor current vector
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Fig. 10. Study of SCIM operation at rod breakage in the rotor: a — electromagnetic torque and speed of the motor drive; b — electromagnetic
torque and rotation speed of the SCIM motor, enlarged; ¢ — SCIM stator currents; d — SCIM stator currents, enlarged
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Fig. 11. Hodographs of space vectors for stator and rotor currents at rod break in the rotor: a — the hodograph of the stator current
vector; b — the hodograph of the rotor current vector

the auto-oscillating mode. The described results

are presented in Figs [0 and .

Figure [1 1] shows the hodographs of the space
vectors for the stator and rotor currents at the rod

break in the rotor.

It draws attention to the fact that the ap-
pearance of the stator current hodograph avail-
able for measurements has a rather different
appearance for different asymmetrical modes,
which can be used in the further development
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of methods for identification of different IMs
faults.

CONCLUSIONS

A theoretical mathematical model of induction
motor with multiphase stator winding and squir-
rel-cage rotor in a coordinate system fixed relative
to the stator is developed. The proposed model
differs from the known ones in that the squir-
rel-cage of the IM rotor is represented by a multi-
phase winding system symmetrically distributed
in space. It allows using the developed model for
analysis of asymmetrical modes of SCIM at vari-
ous types of stator and rotor asymmetry and their
combinations. The adequacy of the proposed
mathematical model is substantiated. Calcula-
tions of steady-state modes of SCIM operation
in asymmetrical modes of various types of op-
eration, including rotor bar breakage, are given.
The possibility of using the geometrical proper-
ties of the stator current hodograph for identifi-
cation of the type of IMs fault is shown.
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INDUKCINIY MOTORUYU MATEMATINIS
MODELIAVIMAS ATSIZVELGIANT |
KONSTRUKCINIU PARAMETRU ASIMETRIJA

Santrauka
Indukciniai motorai (IM) su narveliniais rotoriais yra
svarbis komponentai daugelyje pramonés procesy
dél jvairiy techniniy ir ekonominiy pranasumy. Jie
yra patikimi, ilgaamziai ir patogus, todél juos galima
naudoti jvairiose pramonés $akose, uztikrinant stabily
ir efektyvy jrangos veikimg. Tacdiau, norint sumazinti
brangiai kainuojanc¢iy gamybos sutrikimy dél staigiy
sustojimy rizika, svarbu taikyti veiksmingus diagnos-
tikos ir stebésenos metodus. Dazniausiai pasitaikantis
asinchroniniy varikliy su narveliniu rotoriumi gedimo
tipas yra narveliniy strypy ir galiniy ziedy segmenty
lazimas, ypa¢ varikliuose, kuriy inercijos apkrova di-
delé ir kurie daznai stabdomi ir paleidziami. Nuolatiné
techniné prieziara ir moderniy valdymo sistemy die-
gimas pramonéje padés uztikrinti patikimg ir neper-
traukiama $iy masiny veikimg. Techninéje literattroje
sitlomi jvairas diagnostikos metodai. Kai kurie i$ jy
grindziami IM surinkty duomeny analize, aptinkant
buadingus trikdzius, rodanc¢ius masinos gedimus.
Taikant kitus metodus duomenys, gauti i§ realaus in-
dukcinio variklio, lyginami su jo skaitmeniniu mode-
liu. Akivaizdu, kad tikslas ir tinkami IM modeliai yra
batini gedimy diagnostikos metodams kurti ir optimi-
zuoti. Siame straipsnyje daugiausia démesio skiriama
indukcinio motoro matematinio modelio sukarimui
statoriaus fiksuotoje koordinaciy sistemoje, kur IM
narvelinis rotorius vaizduojamas kaip daugiafazé si-
metriskai erdvéje paskirstyta apvijy sistema. Jrodytas
gauto modelio tinkamumas. Sukurtas modelis leidzia
analizuoti jvairiy tipy asimetrija tiek narvelinio roto-
riaus indukciniy varikliy statoriuje, tiek rotoriuje.
Raktazodziai: indukcinis motoras, narvelinis ro-
torius, jtampos asimetrija, apvijos asimetrija, liztancio

strypo gedimas
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