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A zone-folding approach is applied for the estimation of phonon contributions to the thermodynamic properties of carbon 
nanotubes and nanotubes based on transition metal oxides (TiO2, V2O5) and sulfides (TiS2, ZrS2) with different morphology and 
various chiralities. The results obtained are compared with those from the direct calculation of the thermodynamic properties of 
nanotubes in the harmonic approximation. All calculations have been made using the PBE0 hybrid exchange–correlation func-
tional. It is found that the zone-folding approach allows a sufficiently accurate estimation of phonon contributions to internal 
energy and heat capacity and shows worse but acceptable results for Helmholtz free energy and entropy.
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1. Introduction

The theoretical construction of nanotube (NT) mod-
els is usually based on the  rolling up of the  dipe-
riodic nanolayers cut form the  bulk crystals [1]. In 
some sense this procedure is equivalent to imposing 
of cyclic boundary conditions on the  layer supercell 
in the direction which becomes the  tube circumfer-
ence. This circumstance is utilized in the  so-called 
zone-folding (ZF) approach [2–3] by means of cut-
ting the electron or phonon dispersion in the 2D re-
ciprocal space of the layer used for NT rolling up. In 
such a  way the  properties of single-wall nanotubes 
(SWNTs) with sufficiently large diameters can be es-
timated from the  results of the  corresponding layer 
calculation. The  ZF approximation was widely used 
for the  electron and phonon state calculations of 
the  single-wall carbon nanotubes (SWCNTs) rolled 
up from the graphene layer [2–7]. Few zone-folding 
calculations are also known for the hexagonal boron 
nitride [8, 9].

The thermodynamic properties of SWNT can be 
obtained in the harmonic approximation by the sum-
mation of vibrational contributions over all the pho-
non modes of the unit cell and over k-values in the one-
dimensional Brillouin zone (BZ) of SWNT. One can 

hope that the role of the curvature effects in this case 
is not as large as it is for separate phonon states. One 
can expect that the  sum over low-frequency modes 
(which are essentially different in the nanolayer and 
the corresponding NT) forms a relatively small part 
in the integral sums used for the calculations of ther-
modynamic properties. Nevertheless, this point re-
quires special study to understand the ZF approach 
possibilities to reproduce correctly the  difference in 
the  thermodynamic properties both for SWNTs of 
different chiralities and the  same composition and 
for SWNTs with different compositions. These issues 
are addressed in our current study. Particularly, in 
the  present paper we have verified the  ZF approxi-
mation on SWCNTs, single-walled TiO2-, TiS2-, and 
ZrS2-based NTs with hexagonal morphology and on 
V2O5-based NTs with rectangular morphology. To 
the best of our knowledge, the ZF approach has never 
been applied to the  computation of NT thermody-
namic properties.

2. Zone-folding approach

To specify the SWNT with chirality (n, m) we should 
define two vectors: the rolling vector Ch = na1 + ma2 
and the translation vector T = t1a1 + t2a2, where a1 and 
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a2 are the primitive translations of the 2D direct lattice. 
The SWNT translation vector T (t1 and t2 are supposed 
to have no common divisor except unity) is orthogonal 
to the vector Ch: (T∙Ch) = 0. The unrolled unit cell of 
the  nanotube is exactly a  rectangular supercell  built 
on the vectors Ch and T. It is periodically repeated in 
the direction of the translation vector T and has a finite 
nanoscale size in the direction of the chiral vector Ch.

The transformation from the primitive translation 
vectors [a1,  a2] to the  supercell translation vectors 
[Ch, T] can be expressed in the matrix form:
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Here N = nt2–mt1 is the number of layer unit cells in 
the rectangular supercell formed by vectors Ch and T.

Taking into account the  well-known theoretical 
relations [10], the  transformation in the  reciprocal 
space of the layer corresponding to (1) in the direct 
space of the layer can be written as
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where [b1, b2] are the primitive vectors of the reciprocal 
lattice, and [K1, K2] are the new primitive translations 
in the reciprocal space of the  layer, corresponding to 
the supercell translation vectors Ch and T. Eq. (2) gives

K1 = (t2b1 – t1b2)/N, (3a)
K2 = (–mb1 + nb2)/N. (3b)

Any vector k in the reciprocal space can be expressed 
either in the basis [b] or the basis [K]:

k = (l1, l2)[b] = l1b1 + l2b2, (4a)

k = (k1, k2)[K] = k1K1 + k2K2. (4b)

It is well known that vector components are trans-
formed with the inverse matrix of the basis set trans-
formation, so

(k1, k2) = (l1, l2) QT (5a)

or

k1 = nl1 + ml2, k2 = t1l1 + t2l2. (5b)

The layer rolling up means introduction of the cy-
clic boundary condition in the circumferential direc-
tion so that the SWNT (unrolled) wave function ψL 
satisfies the Bloch theorem

ψL(r + Ch) = eikCh ψL(r) = ψL(r). (6)

It means that for any k = k1K1 + k2K2 in the reciprocal 
space of the  layer the  following condition has to be 
satisfied with the integer q:

(k∙Ch) = k1 (K1∙Ch) = 2π k1 = 2π (nl1 + ml2) = 2πq. (7)

So, the unrolled reciprocal space of the nanotube is 
quantized along the  K1 direction and is continuous 
along the  K2 direction. Using Eq.  (3a) for the  vec-
tor K1, one can see that NK1 is a translation vector of 
the original 2D reciprocal space of the  layer. This is 
the shortest translation vector in the given direction, 
since the integer numbers t1 and t2 do not have a com-
mon divisor by definition. None of the N vectors qK1 
(q = 0,1,…N–1) is a layer’s reciprocal lattice vector.

Finally, we can conclude that the  allowed 
k = l1b1 + l2b2 are constrained by the equation k1 = q. 
It means that

nl1 + ml2 = q (8a)

or

 (8b)

and therefore k belongs to the lines in the reciprocal 
space of the layer (the so-called “cutting lines”, that are 
parallel to the tube axis and the reciprocal vector K2). 
The  position of each line is defined by a  concrete 
value of q = 0,1,…N–1. Condition (8) does not affect 
the k2 values, –1/2 < k2  ≤  1/2, which correspond to 
the first Brillouin zone in the  reciprocal space of one-
dimensional nanotube.

Each of N quantized states with k = qK1 gives rise 
to a line segment of the length K2 = |K2| along the di-
rection K2 in the unrolled reciprocal space of the na-
notube. These N line segments defined by the  wave 
vectors K1 and K2 represent the cutting lines in the un-
rolled reciprocal space of the nanotube [2]. The length 
and orientation of each cutting line in the  reciprocal 
space are given by the wave vector K2, and the sepa-
ration between two adjacent cutting lines is given by 
the wave vector K1. This representation of cutting lines 
is called [2] the  fully K1-extended representation. In 
Fig. 1 we illustrate the supercell formation in the direct 
lattice (N = 28) and the fully extended representation 
of cutting lines in the  reciprocal lattice for the chiral 
(8, 2) SWCNT with hexagonal morphology. It should 
be noted that relations (1)–(8) are valid for any type of 
the 2D lattice except an oblique one for which the or-
thogonality condition cannot be satisfied.

In the phonon frequency calculation we use a di-
rect (frozen-phonon) method [11, 12]. To realize 
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the  zone-folding approach, we need to construct 
the  supercell which provides the  folded modes cor-
responding to the cutting lines. This is possible with 
using the vectors Ch and MT, where M is some integer 
resulting in accounting of M equidistance points in 
each cutting line. Upon the cell expansion, the Γ-point 
of the reduced BZ accommodates NM k-points from 
the original BZ of the layer. Such an approach, how-
ever, requires an additional study of the convergence 
of the calculated properties while increasing M.

3. Calculation of layer and nanotube 
thermodynamic properties

In the harmonic approximation, the vibrational part 
Eph(T) of the internal energy per unit cell of the slab 
or SWNT includes the zero point vibrational energy 
(ZPVE) Eν0 and the  temperature dependent vibra-
tional contribution Ev(T) [13]:

 (9)

 
(10)

Here kB is the  Boltzmann constant, h is the  Planck 
constant, and i numbers are the phonon modes with 
frequencies υi. The summation over i in (9) and (10) 
is made over Nν branches per slab or SWNT unit cell. 
The summation over k in (9) and (10) is made over N 
values in the K1 direction for the slab and over M val-
ues in the K2 direction both for the layer and SWNT, 
i. e. Nk = M in the case of the SNWT and Nk = NM in 
the case of the layer used in ZF.

The phonon contribution Aph(T) to the Helmholtz 
free energy at temperature T is calculated by the well-
known [13] equation:

. (11)

If Helmholtz and internal energies are known, 
the entropy can be calculated as S(T) = (E(T) – A(T))/T. 
The  harmonic contributions to the  heat capacity at 
constant volume can be expressed in the  following 
form [13]:

 
. (12)

4. Computational details

The PBE0 exchange–correlation functional [14] has 
been used in our calculations based on the  hybrid 
Hartree–Fock-density functional theory. All compu-
tations have been performed using the CRYSTAL14 
computer code within the  linear combination of 
atomic orbitals (LCAO) [15, 16]. For C, O and V at-
oms we have used a  consistent portable basis set of 
the  triple-zeta valence with the  polarization quality 
(pob-TZVP) [17]. To describe the  interaction be-
tween the core and valence electrons in S, Ti, and Zr 
atoms we use CRENBL [18–20] relativistic effective 
core pseudopotentials (ECPs). The corresponding AO 
exponents and coefficients are given elsewhere [21].

Kohn–Sham equations are solved iteratively to self-
consistency within 3 × 10–9 eV. The Monkhorst–Pack 
scheme [22] with the 144 × 144 k-point mesh has been 
applied for the graphene layer BZ sampling. This ex-
tremely dense mesh is needed to provide the sufficient 
accuracy for semimetallic graphene. The BZ of semi-
conducting metal oxide and metal sulfide hexagonal 
layers was sampled using the  regular 16  ×  16 mesh. 

Fig. 1. The supercell construction in the direct (a) and re-
ciprocal (b) 2D hexagonal lattice for the chiral (8, 2) SWC-
NT with N = 28. 28 cutting lines are shown in part (b).
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The BZ of the V2O5 layer with rectangular morhol-
ogy was sampled using the 12 × 4 mesh. The lattice 
parameters and fractional positions of atoms were 
optimized until the  forces on each atom were less 
than 1.5  meV·Å–1. The  harmonic vibrational fre-
quencies have been obtained by the frozen-phonon 
method [11, 12]. Two k-points (0 and 1/2) in 1D BZ 
are sufficient to estimate the  temperature depend-
ence of the thermodynamic functions as it is shown 
below. The corresponding frequencies have been de-
termined from the numerical second-order deriva-
tives of the  ground state energy using the  analyti-
cal first-order derivatives. The  finite-displacement 
central-difference method is used for this purpose 
in the CRYSTAL14 code [12, 23].

The calculation method used provides a sufficient-
ly good description of the  structure of the  systems 
under consideration. Indeed, the  calculated lattice 
constants, bond distances and atomization energies 
agree well with the  experimental bulk properties of 
all the considered systems. Thus, the lattice constants 
of bulk phases are reproduced within 1–2% except 
the value of c in graphite which is underestimated by 
4%. The  agreement between the  obtained graphene 
frequencies and the  experimental values is also sat-
isfactory.

5. Results and discussion

5.1. Graphene-based nanotubes

The symmetry of SWCNTs was analyzed in many 
publications, using the  graphene layer folding ap-
proach [24–26]. The symmetry of the graphene layer 
is described by hexagonal layer group 80 (P6/mmm) 
being a  2D subgroup of graphite symmetry space 
group 194 (P63/mmc). As follows from Ref. [27], af-
ter the rolling procedure the symmetry of the achi-
ral (n, 0) and (n, n) SWCNTs is described by the line 
group L(2n)n/mcm belonging to family 13 (point 
symmetry D2nh). The symmetry of the chiral (n, m) 
SWCNT is described by the line groups L(N)S22 or 
L(N)S2 (depending on the simultaneous parity of N 
and S) belonging to family 5 (point symmetry DN).

Due to a relatively simple structure, the SWCNTs 
allow the  possibility of a  detailed study of the  de-
pendence of thermodynamic functions on the chi-
rality, diameter (D), and NT period (|T|). For two 
different nanotubes having close diameters, it is 
easier to model a  nanotube with a  shorter transla-
tion vector T due to a smaller number of atoms in 
a 1D unit cell. By ordering of 2D lattice translation 
vectors by length we can obtain the smallest super-
cells for SWNTs rolling up. The  lowest N value for 

the  hexagonal lattice is two as the  smallest rectan-
gular supercell consists of two hexagons. Two sets of 
translation vectors correspond to N = 2. The first one 
is formed by the  three smallest translation vectors 
(up to sign) of the length a (a1, –a2, –a1 + a2). Using 
the orthogonality conditions [2, 24, 27] in the case 
of the  hexagonal lattice with the  angle γ  =  60° be-
tween the primitive translation vectors

t1/t2 = –(2m + n)/(2n + m) (13a)

and

n/m = –(2t2 + t1)/(2t1 + t2), (13b)

we can obtain three equivalent armchair nanotubes 
with N = 2 and primitive (up to sign) chirality in-
dexes: (1, –2), (–2, 1), and (1, 1). The n-time increas-
ing of these chirality indexes gives N = 2n. The sec-
ond set consists of the  three translation vectors of 
the length  , (a1 + a2, a1 – 2a2, –2a1 + a2), that can 
be used to obtain three equivalent zig-zag nanotubes 
with the chirality indexes (1, –1), (–1, 0) and (0, 1). 
After the n-time increasing we have again N = 2n. At 
last, N = 14n for the translation vectors of the next 
length , (–a1 – 2a2, –2a1 + 3a2, 3a1 – a2), giving 
the chirality vectors (–5n, 4n), (4n, n) and (n, –5n) 
of the  equivalent chiral nanotubes. It should be 
noted that N = 14n can also correspond to SWNTs 
with the translation vector of the length  giving 
among the others the chirality (2n, n).

Here we consider the following examples of each 
mentioned chirality type: armchair (6,  6), zig-zag 
(10, 0), and chiral (8, 2) and (4, 2). The structure of 
the first three relevant NTs is shown in Fig. 2. The ZF 
approach for (8, 2) SWCNT is illustrated in Fig. 1.

At the  first stage of our SWCNT study we ex-
plored the  convergence of the  calculated quantities 
with the  number M of k-points in the  1D  NT  BZ. 
We found that two points (0, 1/2) in 1D BZ are suf-
ficient for the estimation of phonon contributions to 
the NT thermodynamic functions of the SWCNTs of 
any translation period. This number of k-points pro-
vides the  NT internal energy within an  accuracy of 
0.02  kJ  mol–1 (per mole of atoms), the  NT free en-
ergy within an accuracy of 0.05 kJ mol–1, and the NT 
entropy and heat capacity within an accuracy of 0.15 
and 0.10 J mol–1 K–1, respectively, in the temperature 
interval from 0 to 600 K.

In Fig. 3(a) we compare the temperature depend-
ences of Aν(T) calculated with M  =  1,  2, and 3 for 
the carbon SWNT (6, 6) and the corresponding gra-
phene layer used in the ZF approach. A similar com-
parison made in Fig. 3(b) for SWCNT (8, 2) shows 
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that M = 1 is sufficient for the NTs with a  transla-
tional period greater than 10 Å. In all of the subse-
quent calculations we use M = 2.

To verify the  ZF approach we performed both 
the direct and ZF calculations of the thermodynamic 

functions for several carbon nanotubes and corre-
sponding ZF layer models. We found that the agree-
ment between the  two approaches was good in 
the case of zero point vibration energy, it was satisfac-
tory in the case of internal energy and heat capacity, 
but appeared to be worse in the case of free energy and 
entropy (see Fig. 4). These results can be explained by 
the fact that the weights of the low-frequency modes 
in ZPVE are evidently small (see Eq.  (9)), and they 
contribute to the free energy (and entropy) to a larger 
extent than to the internal energy (and heat capacity). 
The latter is obvious from Eqs. (10–12).

To demonstrate this, in Fig.  4 we compare 
the  temperature dependence of the  thermal con-
tributions in the  case of achiral SWCNTs (12,  12) 
and (12, 0) calculated directly and using the ZF ap-
proach. The screw axis 2412 describes the rototrans-
lational symmetry of those NTs. It is clearly seen 
that the  agreement between the  results of ZF and 
NT calculations is better for the internal energy and 
heat capacity than for the  free energy and entropy. 
Moreover, this agreement improves with increasing 
the NT diameter.

A similar comparison of chiral SWCNTs (8,  2) 
and (4,  2) is given in Fig.  5. These NTs have both 
different diameters and different translation periods; 
the first one has the screw axis 2818 and the second 
one has 2822. However, their thermodynamic proper-
ties calculated directly are practically the same. This 
fact can be understood by taking into account that 
the  unit cells of these tubes have been obtained by 
rolling up of the  same layer supercell, which corre-
sponds to both (8, 2) and (4, 2) nanotubes if M = 2 in 
the ZF model.

At 300 K the average distance between the curves 
of NT and ZF data in Figs. 3–5 is about 0.1 kJ mol–1 

for the  internal energy Eν(T) and 0.2  kJ  mol–1 for 
the Helmholtz free energy Aν(T). However, the rela-
tive position of the curves for different chiralities is 
the same for NT and ZF calculations.

Fig. 2. Carbon SWNTs with dia-
meter D of about 8  Å: armchair  
(6,  6) (a), zig-zag (10,  0) (b), and 
chiral (8,  2) (c). A  perspective 
view on the top and a side view on 
the bottom.

Fig. 3. Dependence of thermal contribution to Helm-
holtz energy on the number M of k-points in the 1D BZ 
summation for SWCNTs: (a) achiral (6, 6) NT (green on-
line) with diameter D = 8.14 Å and period |T| = 4.89 Å; 
(b) chiral (8, 2) NT (blue online) with diameter D = 7.19 Å 
and period |T| = 12.93 Å.

(a) (b) (c)

(a)

(b)
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5.2. TiO2, TiS2, ZrS2, and V2O5-based nanotubes

The symmetry group of TiO2, TiS2 and ZrS2-based 
SWNT with hexagonal morphology depends on 
the chirality type. The parent hexagonal layers have 
layer group 72 (P –3/ml) which is the  subgroup of 
space group 164 (P –3/ml) – the symmetry group of 
the most stable bulk TiS2 and ZrS2 phases [28]. As fol-
lows from Refs. [27, 28], after the rolling procedure 
the  symmetry of the  achiral (n,  0), (n,  n) and chi-

ral (n, m) NTs is described by line groups L(2n)n/m, 
L(2n)nmc, and L(N)S belonging to families 4 (point 
symmetry C2nh), 8 (point symmetry C2nv) and 1 
(point symmetry CN), respectively. The  models for 
the  zigzag and armchair NTs with hexagonal mor-
phology are presented in Figs.  6(a) and (b). In 
the  case of the  hexagonal layers the  direct and re-
ciprocal lattices are the  same as those considered 
above for graphene. So, the ZF approach developed 
for the carbon nanotubes can be applied in the same 

Fig. 4. Temperature depend-
ence of thermal contributions 
to internal energy (a), Helm-
holtz energy (b), entropy (c), 
and heat capacity (d) for 
achiral SWCNTs. NT (12, 0): 
D  =  9.38  Å, |T|  =  8.47  Å, 
Eυ0  =  16.88  kJ  mol–1, Eυ0

ZF  = 
16.74  kJ  mol–1; NT (12,  12, 
blue online): D = 16.20 Å, |T| = 
4.89  Å, E0  = 16.86  kJ  mol–1, 
E0

ZF = 16.82 kJ mol–1.

Fig. 5. Temperature depend-
ence of thermal contributions 
to internal energy (a) and 
Helmholtz energy (b) for chiral 
SWCNTs. NT (4, 2) (blue on-
line): D = 4.24 Å, |T| = 22.34 Å, 
E0  =  16.42  kJ  mol–1, E0

ZF  = 
16.88  kJ  mol–1; NT (8,  2): 
D  =  7.19  Å, |T|  =  12.93  Å, 
E0  = 16.88  kJ  mol–1, E0

ZF  = 
16.88 kJ mol–1.
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way to the metal oxide and sulfide nanotubes with 
hexagonal morphology.

A layer group of the  α-V2O5 layer is Pmmn [29, 
30]. Only (n, 0) and (0, m) chiralities of SWNTs are 
compatible with rectangular symmetry of the  V2O5 
layer. The  SWNTs of both chirality types belong to 
the  11th family of line symmetry groups (Ln/mmm 
or L–2n2m for even or odd n, respectively). Only (n, 0) 
SWNTs (with n = 4 and 6) have been considered here 
because of their greater stability compared to (0, m) 
NTs [30]. The  cross-sectional view of V2O5 (4,  0) 
SWNT is shown in Fig.  6(c). The  primitive vectors 
[b1, b2] of the reciprocal lattice are mutually orthogo-
nal in the case of the rectangular lattice. In the fully 
K1-extended representation of (n, 0) SWNTs the cut-
ting lines are parallel to the vector b2 and extended in 
the K1 direction which is collinear with b1.

The usefulness of the ZF approach is displayed more 
clearly when we compare the thermodynamic proper-
ties of systems with different chemical composition. 
The temperature dependences of thermal contributions 
to the  internal and Helmholtz free energy calculated 
for some non-carbon nanotubes directly and using 
the ZF approach are given in Fig. 7. The comparison of 
the internal energy dependence shows a good overall 
agreement between the NT and ZF results. At 300 K 
the maximal deviation of about 0.2 kJ per mole of at-
oms is found in the case of TiS2 NTs. The correspond-
ing difference for the  Helmholtz free energy is three 
times greater: about 0.6 kJ per mole of atoms. The best 
agreement between the  ZF and NT direct values is 
found for the TiO2 NTs. At 300 K the ZF approach re-
produces the internal energy of TiO2 NTs with the ac-
curacy greater than 0.05 kJ per mole of atoms.

Fig. 8. Temperature depend-
ence of heat capacity (per 
1  mole of atoms) of TiO2 
(dark red online), TiS2 (blue), 
ZrS2 (green), V2O5-based 
(violet) and graphene-based 
SWNTs calculated directly 
and with zone-folding ap-
proximation. The  Dulong–
Petit limit is shown on the top 
by a straight dashed line.

Fig. 7. Temperature depend-
ence of thermal contribu-
tions (per formula unit) 
to internal energy (a) and 
Helmholtz energy (b) for 
(8,  8) TiO2 (green online), 
TiS2 (violet) and ZrS2-based 
NTs (dark red online) and for 
(4, 0) V2O5-based NT (blue).

Fig. 6. Optimized structure 
of (a) zigzag (12,  0) ZrS2, 
(b) armchair (8,  8) ZrS2, and 
(c) (4, 0) V2O5 single-wall na-
notubes. Metal atoms are small 
dark balls (blue and green on-
line), O or S atoms are large 
light balls (yellow and pink).
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Figure  8 shows the  temperature dependences 
of the  heat capacity CV calculated here for (12, 12) 
SWNTs with hexagonal morphology and for (4,  0) 
SWNT rolled up from the single layer of the α-phase 
of V2O5. The results obtained by both the direct NT 
phonon calculation and the  ZF approach are given. 
Graphs in Fig. 8 show that the ZF approach can cor-
rectly predict the  distinctions in the  heat capacity 
exhibited by the  indicated systems within the  tem-
perature interval from 0 to 600 K. Moreover, it can be 
seen that the ZF approach can reproduce the pecu-
liar features of the temperature dependences even in 
the cases of close CV values.

6. Conclusions

The opportunities of first-principles methods in the cal-
culation of NT thermodynamic properties are current-
ly limited to nanotubes with relatively small diameters 
which are considerably lower than those experimental-
ly observed. This is due to the fact that computational 
expenses rise quickly with the increase of NT diameter. 
The present study shows that this problem can, at least 
partially, be solved by using the zone-folding approach. 
We have performed the first-principles calculations for 
a  wide range of carbon and non-carbon (transition 
metal oxide and sulfide) nanotubes and we have found 
that the  values of heat capacity and internal energy 
obtained by direct SWNT and layer zone-folding cal-
culations practically coincide at low temperatures and 
remain very close up to 600  K. Although the  agree-
ment is worse for the Helmholtz free energy and en-
tropy, the zone-folding approach is still acceptable for 
the  approximate estimation of these thermodynamic 
functions with the accuracy of about 0.5 kJ per mole of 
atoms in the abovementioned temperature range.
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