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The Hawking radiation of charged particles from black holes in the Hotava-Lifshitz (HL) gravity is investigated
by using the Parikh-Wilczek (PW) method, and the emission rate is calculated. The emission spectrum is not purely
thermal and is consistent with an underlying unitary theory. Some other characteristics exist for a HL gravity black
hole. Assuming the conventional tunnelling rate associated with the change of entropy, the entropy of the HL gravity
black hole is obtained. The entropy is not proportional to the horizon area because a logarithmic term exists. However,
it complies with the first law of thermodynamics and is in accord with earlier results.
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Hawking proved that a black hole can radiate
thermally [EI]. To prove that the energy spec-
trum is precisely thermal, much work has been
done [é]. From a precisely thermal spectrum,
we can acquire one temperature parameter but
not any other information. That is, if things are
absorbed into a black hole, their important infor-
mation will be lost during the emission. In 2005,
Hawking changed his view and thought that in-
formation is preserved and can indeed get out of
the black hole [. The change may be related to
the work of Parikh and Wilczek [ 1-13]. By treat-
ing the Hawking radiation as a tunnelling pro-
cess, Parikh and Wilczek successfully calculated
the modified emission spectrum of the spherical-
ly symmetric black holes. Later, the Parikh-Wilc-
zek (PW) method was used to study the Hawking
radiation of particles from other spherically sym-
metric black holes [] and the method was
also extended to calculate the emission spectrum
of other symmetric black holes []. But, they

all are Einstein gravity black holes. Recently, we
extended this method to modified gravity black
holes [] and found some significant and
interesting phenomena. In this paper, we discuss
the black holes in the Horava-Lifshitz (HL) grav-
ity and investigate the modified emission spec-
trum of charged particles from their event hori-
zons. This extension is of interest because the HL
gravity, proposed by Horava, is a nonrelativis-
tic renormalizable theory of gravity at a Lifshitz
point [@]. It provides such a fascinating frame-
work that one can explore the relation between
the ordinary gravity and the string theory. For
all we know, the tunnelling radiation from a HL
gravity black hole has not been covered in the lit-
erature yet.

For simplicity, the dynamical coupling con-
stant A in the HL theory, which is susceptible to
the quantum correction [], can be set to one.
Then the metric of a spherical black hole is given

as [B4, B3]
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where A is the negative cosmological constant, ¢,
and q are integration constants, and N, can be set
to one by adjusting the time coordinate ¢.

The event horizon radius r,, is the largest posi-
tive root of the equation f(r) = 0 and can be used to
denote the thermodynamic quantities of the black
hole. The Hawking temperature of the black hole is
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where x, =v—-Ar, and f'(r)= d/ (r). Because
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increases when x_grows. Obviously, there exists an
extremal limit for a neutral black hole, x, =1/+/3,
where the temperature becomes zero.

In units of ¢ = G = 1, the mass, electric charge
and electric potential of the black hole at the hori-
zon can be rewritten as [@]
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To apply the PW method, we make a transfor-
mation dT = dt + g(r)dr, where g(r) is a function
of . When f(r) + fA(r)g*(r) = 1 is satisfied, Eq. (1)
changes into the Painlevé line element, i.e.

ds’ = —f(HNAT’+ 21— f(r)dTdr +dr’

+77(d6° +sin’0 do?). (6)
It is obvious that the metric (6) shows us a sta-
tionary and nonsingular spacetime and it is the flat
Euclidean space in radial. The Painlevé line element
(6) also satisfies the Landau’s condition of coordi-
nate clock synchronization which is given by [@]
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This characteristic is indispensable for us to dis-
cuss the particle’s tunnelling because it is an instan-
taneous quantum mechanical process.

The equation of motion of an outgoing massless
particle is

'=g—;—l—«/1—f(r) (8)

The geodesic (8) is radial-lightlike and not sui-
table for massive quanta whose world-line is time-
like. Akin to Refs. [@, ], when a massive particle
tunnels across the horizon, we can treat it as a de
Broglie wave and get its equation of motion

—@: f(l’) . (9)
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Since we aim to investigate the tunnelling
of charged particles from a charged black hole,
the effect of the electromagnetic field outside
the black hole should be considered. On the one
hand, we take energy and charge conservation
into account and think of the outgoing charged
particle as an equivalent electric charge and a de
Broglie wave. Therefore, when a particle of en-
ergy w and charge Q tunnels out of the event ho-
rizon, the mass and charge of the black hole will
become M - w and Q - Q and all the above rele-
vant equations must be used with the replacement
M->M - wand Q- Q -Q. On the other hand, we
consider the black hole and the electromagnetic
field as a matter-gravity system. Its Lagrangian
function is L = L, + L, where L,= —(1/4)FWF/”
is the Lagrangian function of the electromagnetic
field corresponding to the generalized coordi-
nates A = (¢, 0, 0, 0). Obviously, A does not ex-
ist in L, and then ¢ is a cyclic coordinate. In or-
der to eliminate the freedom corresponding to ¢,
the imaginary part of the action could be written

as [, ]

Im Z = Im.[f(L ~py$, )dT

= Imj L(Opo)% (dp, - = dp¢,j dr,

where p and p, are the canonical momenta conju-
gate to the coordinates r and ¢, respectively, and
r,and r are the horizon radiuses of the black hole
before and after a charged particle tunnels out.

(10)
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We take the Hamilton equation into account and
have

el _dH (11)
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where dH| e =dM, dH]| oy = $dQ. Substituting

Eq. (11) for (10) and switching the order of

integration, we have
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¢drdQ} (massless particle)

M 0) ¥ n S
(M. Q) ore 21— f
- I(Z:,Q, )) J-r, #4"”’ dQ] (massive particle)

(M, 0:)
=2 f(r (M ~¢dQ),

where M. = M, M.=M - w; Q. =Q, Q,=Q -Q,and
we have completed r integral by deforming the con-

tour around the single pole r =r,..
From Egs. (4) and (5) we obtain
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Substituting Eqgs. (3) and (13) for Eq. (12) yields
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In the Wentzel-Kramers-Brillouin approxi-
mation, the tunnelling probability is related to
the imaginary part of the action by [@]
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Therefore,
I'~exp {LA(xfer 21n xf)—LA xi2 + 2lnxi)}- (16)

The emission spectrum (16) is not pure thermal,
but it accords with an underlying unitary theory.
Moreover, we note that the emission spectrums
of massive particles have the same expressions as
those of massless particles.

According to the conventional tunnelling rate,
which is associated with the increment of black
hole entropy and was shown in all of the early re-
ferences about tunnelling radiation, we have

[~e, (17)

where AS = S(M - w, Q - Q) - S(M, Q) is the in-
crement of the entropy before and after the emis-
sion. Combining Eqs. (16) and (17), we can obtain
the entropy of a black hole in the HL gravity as

S =iA(xf+21nx+)+S0, (18)

where S is a constant. The result is in agreement

with that given in Refs. [@, @].
We can rewrite Eq. (18) as
A w A

S P

4 A 4,

(19)

where A = 471er is the horizon area of the black hole

4 . .
and 4,= ~2 e/ 1t is obvious that the area law of

black hole entropy is not satisfied. In the entropy
(19), the first term is exactly one quarter of the ho-
rizon area; the second is a logarithmic term, which
was considered to often appear in the quantum cor-
rection of the black hole entropy in higher deriva-
tive gravity theories [@]

Expanding the action S(M - w, Q - Q) in w and
Q, ignoring the quadratic and high-order terms of
w and Q, we have

167x, (x” + 1) (w—w,)
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and then
[ ~ efle-eo), (21)



4 G.-Q Li et al. / Lith. J. Phys. 59, 1-5 (2019)

where w, = q@/x+, and f = 1/T, is the in-
verse of the Hawking temperature. That is,
the leading-order term in the corrected spec-
trum (16) gives the familiar thermal Boltzmann
factor e-Fw-«o),

On the other hand, it is not difficult to prove that
the first law of thermodynamics can well be satis-
fied, that is,

dM = TdS + ¢dQ. (22)

Equation (22) is a combination of the energy
conservation law dM = dQ, + ¢dQ, where Q,
is heat quantity and no other force but electric
field does work, and the second law of thermo-
dynamics dS = dQ,/T. The energy conservation
can be used in all processes, but the second law
of thermodynamics is just effective for a revers-
ible process. That is, the emission process has
been thought as a reversible one in PW tunnelling
framework and therefore the result is in accor-
dance with the unitary theory and information is
conserved.

In summary, we extend the PW method to in-
vestigate the Hawking radiation of charged par-
ticles across the event horizons of black holes in
the HL gravity and to gain the emission spectra
which deviate from the pure thermal spectrum
but are in accord with an underlying unitary theo-
ry. The emission rate is associated with the incre-
ment of the black hole entropy and its expression
in the HL gravity is the same as that in the Ein-
stein gravity, but the area formula of black hole
entropy breaks down in the HL gravity. The de-
viation of the emission spectrum from the purely
thermal one implies that the black hole is actually
a ‘grey-body’ and other information in addition to
the temperature can be obtained from the spec-
trum.
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