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The quantum Skyrme model is considered in noncanonical bases SU(3) D SO(3) for the state vectors. A rational map ansatz
is used to describe the soliton with the topological number greater than one. The canonical quantization of the Lagrangian
generates in Hamiltonian five different “moments of inertia” and negative quantum mass corrections, which can stabilize the
quantum soliton solution. Explicit expressions of the quantum Lagrangian and the Hamiltonian are derived for this model

soliton.
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1. Introduction

The Skyrme model was introduced as an effective
theory of baryons [1]. Recently the topological soliton
solutions, namely the skyrmions, are applied in studies
of the quantum Hall effect, Bose—Einstein condensate,
and black hole physics. General analytical solutions
of the model are unknown even in the classical case,
and approximate solitonic solutions are under intensive
consideration. For instance, the rational map ansatz [2]
is used to describe light nuclei as quantized skyrmions
[3,4].

The original Skyrme model was defined for a unitary
field U (x,t) that belongs to a fundamental representa-
tion of the SU(2) group. A semiclassical quantization
suggests that the skyrmion rotates as a “rigid body” [5].
The collective coordinates approach separates the vari-
ables that depend on the time and spatial coordinates.
The structure of the ansatz which depends on spatial
coordinates determines the solitonic solutions. A con-
structive realization of the canonical quantization adds
a term in the Hamiltonian which may be interpreted
as an effective pion mass term [6]. An extension of
the model to the SU(N) group [7] represents a com-
mon structure of the Skyrme Lagrangian and explains
its wide application.

The aim of this work is to discuss the group-
theoretical aspects of the canonical quantization of the
SU(@3) Skyrme model in the rational map ansatz ap-
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proximation with baryon number B > 2. The ansatz
is defined in noncanonical SU(3) D SO(3) bases as
an SO(3) solitonic solution. The canonical quantiza-
tion generates five different “moments of inertia”. The
proposed ansatz can be used to describe light nuclei as
special skyrmions.

The paper is organized as follows. Some prelimi-
nary definitions are presented in Sec. 2. The quantum
Skyrme model is constructed ab initio in the collective
coordinates framework for the rational map soliton in
Sec. 3. Section 4 contains a summarizing discussion.
A few relevant mathematical details and lengthier ex-
pressions of the Hamiltonian terms are given in the Ap-
pendix.

2. Noncanonical embedding of the rational map
soliton

The Skyrme model is a Lagrangian density for a uni-
tary field U(x,t) that belongs to the general represen-
tation of the SU(3) group [8]. We consider the uni-
tary field in the fundamental representation (1,0) of the
SU(3) group. The chirally symmetric Lagrangian den-
sity has the form

L= —fTr(RHR"> + %Tr([Rm R,|[R", R”]) :
(D
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where the “right” and “left” chiral currents are defined
as

R# = (auU) Ut = 8ﬂaiC§B)(O¢)< ‘ J(B) ‘ > , @

L, =U" 9,0) = 0.'C[" (@) ( | Jm)| ) 3

7

and have the values on the SU(3) algebra. The f;
and e in (1) are phenomenological parameters of the

model. Explicit expressions of functions C’Z»(B) () and

CQ(B) (a) depend on the group parametrization o', The
noncanonical SU(3) generators may be expressed in

terms of the canonical generators J(%p M) defined in
[9]:

(L,1)

J(2,2) 2‘](0,1,1) )
_ (LD) (1,1)

Ty =-v2 (J@,;,;) +J<;,;,;>> ’

(1,1)
J(2,0) = 2‘](0,0,0)’

(1,1) (1,1)

oy =" 2<%—;§—9“<;;—@>>
J(2,~2) = (0,1,-1) 4)

The canonical generators satisfy the following commu-
tation relations:

[J(L/,M/)7 J(L",M”)] =
1,1) (1,1) (1,1)a
—2\/§ |:[(//7]\4)-/ L€/71\4)” (L,]\)4 :| J(L7M) . (5)

The bracketed coefficients on the right-hand side of
(5) are the SU(3) noncanonical isofactor and the SO(3)
Clebsch—Gordan coefficient. The state vectors for the
canonical bases SU(3) D SU(2) and the noncanoni-
cal bases SU(3) D SO(3) are equivalent in fundamen-

tal representation. We suggest to use the rational map
ansatz in the SO(3) case as a matrix

(UR)arazr = Diuar (3) =
{exp[2iﬁa°}(1,a)F(r>]}M7M/ = (6)

~

2sin2 F(—1)Mf_yrine +iv2sin 2F thd\ﬂ i
+cos2F0pr v s

where the unit vector n is defined [2] in terms of a ra-
tional complex function R(z) as

n—

2
TW{2Re(R),QIm(R),1—|R| } )

The triplet s of Euler angles is defined by 7 and F'(r).
By differentiation of n we get an expression which is
advantageous in the following calculations,
(=1)*(V_srivg)(Vering,) =
ﬁmﬁm’ + I[(_l)méfm,m’ - ﬁmﬁm’] ) (8)

where the symbol Z denotes the function
1+ 2)?

2
Z(0,p) = <1—|—|R[2 > &)

that solely depends on the angles 6 and ¢.
The baryon charge density for the rational map
skyrmion is expressed as

@
dz

Bmawzﬁmﬂ@mm@:

_Z(0,p) F'(r)sin® F
22 r2 '

10)

Since this expression contains the Z function, there is no
need to modify the usual boundary conditions F'(0) =
7 and F'(co) = 0 to take into account the chiral an-
gle. The normalized baryon charge density and the La-
grangian density for SO(3) are reduced by a factor of 4.
The integral by the spatial angles of Z can be regarded
as the Morse function and is proportional to the baryon
number [10]:

27 s
/ dcp/ df Tsinf = 47B. (11)
0 0
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With the ansatz (7) the Lagrangian density (1) reduces
to the classical Skyrme Lagrangian for any baryon num-
ber B:

27 sin® F
La(r,0, ) =—Ma = =27 [F'Z(m ; Slg}
4 Tsin? F Tsin2 F
T2 2 [F (r)+ 52 ]’(12)

which describes the skyrmion mass density.

3. Canonical quantization of the soliton

The quantization of the model can be carried out by
means of collective coordinates that separate the vari-
ables depending on the time and spatial coordinates,

U(r,q(t)) = AURAT = A(q(1))Ur (r) A¥(q(t)).

13)
Here eight SU(3) group parameters ¢*(t),i = 1,...,8
are quantum variables. Thus the Skyrme Lagrangian
is considered quantum mechanically ab initio in con-
trast to the conventional semiclassical quantization of
the soliton as a rigid body. The generalized coordinates
¢*(t) and the corresponding velocities ¢ (t) satisfy the
following commutation relations:

id"] = =i, (14)

where f*%(q) are functions of ¢ only which are deter-
mined below. The commutation relation between the
velocity component ¢® and an arbitrary function G(q)
is given by

.G} = = 3 @556@. a9

We adopt the usual Weyl ordering for the time deriva-
tive:

i) =5 { i prGl)} . ao)

The curly brackets denote an anticommutator. Due to
the Weyl operator ordering no further ordering ambigu-
ity appears in the Lagrangian or the Hamiltonian. The
differentiation of the g-dependent unitary matrix can be

/(L,M)

expressed in terms of functions Cy and the matrix

elements of the group generator J(y, r):

O ) [y
age () (9) =

, ) (A, 1)
e 6y

el

The relations (14)—(16) are neglected in semiclassical
calculations.

For the purpose of defining the metric tensor in the
Lagrangian we use an approximate expression

1
Atd = S B @)} Jwan| )+
(18)

which will be specified later.

After substitution of the ansatz (13) into the model
Lagrangian density (1) and integration over spatial co-
ordinates, the Lagrangian has the form

1., ) 1.,
L=5 gaﬁ(q,F)qB+a°§ {q 70&(2’0)((1)}

+ [(Q)O — order terms] , (19)
where the metric tensor is
9ap(q, F) =
CXEM () Eep gy (1am (F)CEE M (g) . 20)
with the intermediate function £z, yr)(1/,p+) defined as

Eq oy (F) = —(=1)Map p(F)op, 0,1 -

21
Note that the exact expression of the coefficient a® is
not important for the calculation of g,3. There are five
different quantum moments of inertia in (19):

1 X
e’ fr

I
/d?'ff? sin® F (n§ — 1) (1 + F” + = sin® F) ,
r

CL(Lo)(F) = (221)

1

aq(F) =aq(F) = %37, X

I
/d3ff2 sin® F' (ng + 1) <1 + F” + = sin® F> ,
r

(22.2)
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1

a(z,O)(F) = W

X (22.3)

/dgff2 sin® F (ng -1) { cos® F + nj sin® F
— (n§ — 4cos® F + 2nj cos 2F) F"?
T
+ = sin® F[2cos® F + n§(4 — cos 2F)] } )
r

2

1

a(2,1)(F) = a(2,—1)(F) = @ X

(22.4)
/ d77? sin” F{3 +2c0s 2F — 3n2 + 4njsin® F
+ [9+8cos 2F — 3n§ — dng(1 + 2cos 2F)| F"
+ Tzz sin? ' x

[9+ 4cos2F — 15nf + 4nj(4 — cos 2F)] } :

1

a(2,2)(F) = a(z,—z)(F) = 43 f X

(22.5)

/ d3772 sin® F{ —3 —cos2F — 12nf cos®> F
+ 2ngsin® F — 2 [3+2cos2F — 24n? cos® F

27
“sin? F x

+ng(1 + 2(:os2F)]F’2 -
r

6 + cos 2F — 12n§ cos® F — ng(4 — cos 2F)] } :

where the dimensionless variable 7 = ef,r and d37 =
sin #dddpd7. These quantum moments depend on the
chiral angle function F'(r), one component of the ratio-
nal map vector ng, and the function Z(6, ).

The canonical momenta are defined as

oL 1 .,
P5 = 548 ~ 2 {6, gas} +a°C3 % g) . (23)

Note that the momenta do not commute and have terms
which do not contain velocity. The parametrization
q“ of the group manifold is significant for the defini-
tion of the canonical momenta. For the time being we

do not require [p,,ps] = 0. The momenta and the
conjugate coordinates satisfy the commutation relations
[pg,q*] = —idap. This commutation relations deter-
mine the explicit expressions of the functions f*?(q)
in (14):

% (q) = (9ap) ' =

C(t an(@) ECMEMNE) O, (0), 24)
where

(L, M)(L/ M) (—pM
B\ ’ (F):—iéLnyéMrM/.
a(rL,m) (F)
(25)
The functions CE% M) (q) are defined in (A1.1), (A1.2).
It is possible to choose the parametrization on the

SU(3) group manifold so that the eight operators

- i
R =35 {Pﬂv il M)(Q)} (26)

are defined as the group generators satisfying the com-
mutation relations (5). It is easy to check, that because
of the choice (26) the requirement [p,, pg| = 0 is satis-
fied for certain. The proof for the SU(2) group can be
found in [11]. The generators (26) act on the Wigner
matrix of the SU(3) irreducible representation as right
transformation generators:

~ ()\7M) —
|:R(L7M)’D(CllLlMl)(O‘QLQMz)(q)] N

(Am)
(a0 Ly M) (Lo ) (@) X
<<a'2L’2M5> M\ (arrarty))

The indices a1 and ap label the multiplets of (L, M).
For instance, the left transformation generators are de-
fined as

i

[Aj(LvM) = 2 {pﬁ,C(ﬁLyM)(q)} . (28)
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Determination of functions f®?(q) allows us to ob-
tain an explicit expression of (18):

ATA= AT {42, A}

1

= {qa,c(’l(L’M)(q)}< | T | )

i
_ §E(L17M1)(L2,M2)< ‘ J(Ll,Ml)J(L27M2) ‘ >

{a, @)} | Tean| )

| =

i i
— 1 - — J 29
2&0 2a2 < ‘ (270) ‘ > ? ( )
where ag and a9 are constructed from the quantum mo-
ments of inertia:

1 1

— == 1
a3 X (30.1)
( 2 4 2 4 4 )
ago) o Aoy Ae1 422/
r_1 (30.2)
a9 - \/§ '

< 1 1 n 1 n 1 2 )
ago) Qa1 Ao Ae1 42/

The field (13) is substituted in the Lagrangian density
(1) in order to obtain the explicit expression in terms
of the collective coordinates and the space coordinates.
After long calculation by using (29) and the commuta-
tion relation (15) (which is very important), we get a
complete explicit expression of the Skyrme model La-
grangian density

L(g,d,79) = {¢". CL=M) () H{a". " ()}

Vi) +i{ g, CUEM () PVa(0) + V() = Ma.
€1V

The function V; in the first term results from the trace
of two group generators (see (A3) below). The function
Vs results from the trace containing three group gener-
ators (see (A4)). The function V3 results from the trace
containing four group generators (AS5). Expressions of
V; functions are presented in Appendix, see (A6)—(AS).
The terms with functions V5 and V3 are absent in the
semiclassical quantization.

Integration (31) over the space variables gives the
Lagrangian

1

L = g{ .06, C(/)SL1,M1)(Q)}E(Ll,Ml)(L%MQ) X

{qﬁ) Cé(LQ’MQ)(q)} + i{qa, C;(Z’O)(Q)}VQ + V3 — My,
(32)

where V; = [ d3zV;(5).

Sugano and collaborators [12] developed the q-
number variational method to formulate a theory that
has the consistency between the Lagrangian and the
Hamiltonian formalisms on the curved space of gener-
alized coordinates. From (32) we specify the coefficient
a’ = 2iV4 that has been undetermined in (23) and de-
rive the Hamiltonian in a form

1.,
H:g{q 7Cg(Ll,Ml)(Q)}E(Ll,Ml)(LQ’MQ) X

/(LQ,Mé)

{¢#.c" g} = v+ Ma (33)

E(L1, M) (L2, Ma)

1. .
= _iR(LhMl) R(15,M5)

2V - (VQ

2
Rig,0)—2 ) — V3 + M.
a(2,0) a(2,0)

We define the state vectors as the complex conjugate
Wigner matrix elements of the (A, ©) representation
depending on eight quantum variables ¢“:

(A,0)
a,8,N; 8,8 N'|

: *(A,©
dim(A, ) D; s 5.5 v (@) [0) - (34)

The indices o and 3 label the multiplets of the SO(3)
group. |0) denotes the vacuum state. Because of five
different “moments of inertia”, the vectors (34) are not
the eigenstates of the Hamiltonian (34). The action of
the Hamiltonian on vectors (34) following (27) can be
expressed in terms of the “moments of inertia” a(y, yr)
and the SU(3) group Clebsch—Gordan coefficients.

We take into account the chiral symmetry breaking
effects by introducing a term

1
M = 15 femd TH(U +UT -2),  (35)
which takes an explicit form

1
Mgy = 5 frmi sin’ F, (36)
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like in B =1 case [9].

4. Conclusion

We have considered a new rational map approxima-
tion ansatz for the Skyrme model which is the non-
canonical embedded SU(3) O SO(3) soliton with
baryon number B > 2. The rational map ansatz is not
spherically symmetric [13]. The canonical quantization
leads to five different quantum “moments of inertia” in
the Hamiltonian and the negative quantum mass correc-
tions. The state vectors are defined as the SU(3) group
representation (A, ©) matrix depending on eight quan-
tum variables ¢° because the ansatz does not commute
with any generator of the group. The vectors (34) are
not eigenvectors of the Hamiltonian for higher represen-
tations. The mixing is small. To find eigenstate vectors,
the Hamiltonian matrix must be diagonalized in every
(A, ©) representation. If the baryon number B = 1 and
N = &, we get a soliton with two different “moments of
inertia” which has been considered in [9].

Appendix

The functions C’ECL” M) (q) satisfy the following orthogo-
nality relations:

ZC'LM Ol an (@) = dag (AL1)

> CaM(a) - Clian (@) = duanw - (A12)

The anticommutator of the canonical momenta and the

functions C’ECL” M) (q) equals to

{qa7c(;(L,M)(q)} _ E(L,M)(L/7M/)% %

| =

{pg, Céi, M’)(q)} — 2iVo EGO(LM) (A0

The trace of two group generators:

(1,0) (1
Tr< D J(Ll,Ml)J(Lz,Mz) D

(_1)M125L1,L25M1,*M2 . (A3)

The trace of three group generators:

(1,0)
Tr< D J(L17M1)J(L2,M2)J(L37M3)

(170)> _
(D)

(11 1,1 1,1
(— )M‘H?\f({ L1M)1 (L(2M)2) ((L3 )?\431)}

(1,1) (1,1 (1,1)4= V5
+ [(LlMl) (Lo Ma) (Lg,_}w;)} 3>- (A4)
The trace of four group generators:

D

(1,0
Tr< J(Ll,Ml)J(LzyMz)J(L3,M3)J(L4,M4)

N|=

(1,0)
(D) >
= 4[(2L1 + 1)(2La + 1)(2L3 + 1)]

(@Ls+ 1))E S (- { B Bk LB Bk

X

k
Ly Ly k Ls Ly k
My My —u| [ Ms My ul -

(AS)
The terms included in the Lagrangian density (31):

.
Vi) = L2 (-0 (D0, 09 + Dy )

1 /
— 25 Ml,M2> + @(—1)]\4 Bm,m’(%) X
3 L1L1[L 1 L
5_9L [M{mM’} {Mg m’ —M'} X

o DI%@,M{ (”)Dz%/fz,Mé(%)> ) (A6)
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2 1) M2+
fx ( \[\/L2+L+1 X
4 (LMQ)

Vo() =

[]\22—5\/@]\31} (DLQ,MQ( ) — DL’MQ( ))

a2

—1@&um—%MWﬁ)

Ly YIS VITR L
vH—2L

462 a(L7M2)

2 1 2 L 1 L
B ) | ) Lty et ) >

L L 2 +
[M2 | M} M{} <5M1M;'5M2Mng@~,_Mé(%)

— Oty My Ongy My O— My My — Oy hay O— iy iy X

1
(CL(Ll,Ml)a(Lz,Mz)

311

L
<WWWQMWM

(1 — (—1)k) — 5M1M{6M2M' DJ\/[I’ Ml(%) X

L
D]\;é,MQ(%)> + 5M2Mé X

A(Ly,M])A(L2,M2)

DMMA>0+enﬂ»
(A8)

where By, ,,,/ (3¢) are

Bm,m’(%) = 8(_1

/ A A
VR A X

1 8
<22sin2 F— F’2> — (=1)™ 8, — L sin® F.
T T

(A9)
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SO(3) RACIONALAUS ATVAIZDZIO SOLITONAS KVANTINIAME SU(3) SKYRME’OS MODELY JE

D. Jur¢iukonis, E. NorvaiSas

VU Teorinés fizikos ir astronomijos institutas, Vilnius, Lietuva

Santrauka

Skyrme’os modelis su nekanoniskai jdétu SU(3) D SO(3) so-
litonu nagrinéjamas racionalaus atvaizdZio artinyje, kai sprendinio
topologinis kraivis B > 2. DidZiausias démesys skiriamas §io mo-
delio grupiy teorijos aspektams. Pusiau klasikinis Skyrme’os mo-
delio kvantavimo metodas remiasi prielaida, kad solitonas sukasi
kaip kietas nekeiciantis formos kiinas. Straipsnyje naudojamas ka-
noninis kvantavimo metodas ab initio atsizvelgia i reikalavima, kad
kolektyvinés koordinatés — kvantiniai kintamieji ir greic¢iai — neko-

mutuoja. Tai keicia energijos funkcionala, taigi ir variaciniy spren-
diniy forma. Kvantiniai sprendiniai labai priklauso nuo klasikinio
sprendinio, kurio aplinkoje kvantuojama. Pasirinktas racionalaus
atvaizdZio artinys generuoja net penkis skirtingus Hamiltono ope-
ratoriaus ,.inercijos momentus®. AukStesniems SU(3) grupés jvaiz-
dZiams gautas kvantinis Hamiltono operatorius néra diagonalus ne-
kanoninés bazés buseny atzvilgiu. Sie aptarti sprendiniai gali buti
panaudoti apraSyti lengvuosius atomo branduolius kaip specialius
Skyrme’os modelio solitonus.



