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High numerical apertures can result in distortions appearing in a single-shot image, rendering the acquisition of
usable images challenging, if not outright impossible. However, in the realm of single-pixel imaging, various strate-
gies can be employed to effectively inspect objects with an excellent resolution, contrast and brightness. Recent ad-
vancements in flat photonic components have facilitated the development of compact nonparaxial imaging systems,
which show great promise, particularly in the THz range of wavelengths. These innovations hold the potential to
advance fields such as communication, material inspection and spectroscopy. In this study, we delve into the imaging
of semi-transparent objects with varying levels of detail. Furthermore, we introduce a nonparaxial design for a flat
hyperbolical lens and evaluate its performance in these imaging scenarios, comparing it to structured illumination
techniques involving Airy, Bessel, and common thin lens configurations. We present findings regarding potential
improvements in imaging attributable to the nonparaxial hyperbolical lens.
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1. Introduction

Image retrieval, originating with the invention of
cameras, now relies on digital sensors with millions
of pixels. However, single-pixel detectors, which
measure scene overlap with masks and combine
the data, offer an alternative approach validated
both theoretically and experimentally, even extend-
ing to 3D reconstruction [B]. This concept has
historical roots dating back to 19th century, with
the mathematical theory of raster scan systems
developed in 1934 [E]. Ghost imaging, a related
computational technique, leverages computational
algorithms for data processing, offering advantag-
es in detection efficiency and noise reduction [f].
Single-pixel and ghost imaging are optically simi-
lar, using spatial light modulators (SLMs) for struc-
tured illumination [4-€]. Structured electromag-
netic fields, exemplified by nondiffracting beams
with vortical and polarization properties, find ap-
plications in communication, metrology and light-

matter interactions []. These beams enhance
imaging, even in the THz range, where laser-fabri-
cated flat optics and structured illumination show
promise [ ].

Our work builds on recent advances in single-
pixel raster scan imaging, with the aim of improv-
ing resolution assessment by employing a sample
with fine-tuned line widths []. Through numeri-
cal experimentation in nonparaxial imaging, we
have discussed contrast and resolution, revealing
a noteworthy discovery: in nonparaxial single-pix-
el imaging, the best resolution does not depend on
image brightness [@]. This challenges the estab-
lished physical metrics, prompting the use of image
quality assessment metrics from computational im-
aging. Surprisingly, the high resolution can coexist
with the low image brightness [@]. These findings
raise critical questions, demanding further numer-
ical and experimental exploration [].

In this report, we introduce two semi-transpar-
ent samples with varying levels of transmittivity
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(ranging from 0 to 1) and details with dimensions
ranging from comparable to the wavelength and
smaller than the wavelength. Both samples are
investigated under nonparaxial single-pixel il-
lumination conditions, which were discussed in
our recent work []. Additionally, we introduce
a flat element with the nonparaxial phase mask of
a hyperbolical lens and benchmark it extensive-
ly against Bessel, Airy and common zone plates.
Whereas the Bessel and Airy structured illumina-
tion performs better than a zone plate, the non-
paraxial hyperbolical lens shows promising en-
hancements over all other elements.

2. Theoretical background

Our numerical experimentation mimics experi-
ments performed using a typical THz wavelength
A = 0.5 mm, or a frequency of 0.6 THz. The flat
optical elements used in these experiments have
apertures of 20 mm diameter. Our main aim is to
perform a visual inspection of a semi-transparent
sample under conditions reported in this work [@].
For this purpose, we provide focusing and imaging
abilities using a flat element with the phase ¥(r) of
the transmission function T(r) = exp [i¥(r)]. Here,
W(x, y) is a continuous phase profile of the de-
signed element. Firstly, we design a thin lens with
the phase of the transmission function

lIJTL(I.):%(Xz"'yz)a (1)

where f= 1 cm is the focal length and k = 27/A.
Next, the linear phase function represents
the axicon element

‘I'B(r>=%j_n£\/x2+y2, (2)

where 3 = 0.4 rad.
Third, a cubic phase profile is used to generate
a structured Airy illumination

¥, (1) = a(x*-y?). (3)

This design represents a phase mask of diameter
20 mm, which together with a zone plate (f=1 cm)
is dedicated to generating an Airy beam in a range
of up to 10 mm.

Lastly, we introduce a nonparaxial hyperbolical
lens [] encoded as

W () = ky f2 4067 +)7, (4)

where f= 1 cm is the focal length.
We introduce the nonparaxial Rayleigh-Som-
merfeld diffraction integral []

Uyr)= é _L,A Uspe (0T (1)

v explik |y, |]

cos(r,,,n)ds, (5)
| Xy, |

where U (r)) is the field in the observation plane,
U, (r,) is the incident field in the diffraction plane,
and T(r,) is the transmittance of the object. The coor-
dinates of the diffraction planearer = (x,, y,,z=0) and
the coordinates of the observation plane are r, = (x,,
¥y Z2 = z,), the vector r, is the distance between two
points in these planes, and n is normal to the surface
of the object. Integration is performed on the surface
of the element S,. On the basis of this considera-
tion, we have employed a propagator using spherical
point sources to numerically model the propagation
of the electromagnetic field within the system.

The numerical experiment is performed as fol-
lows. First, Eq. (5) is applied to propagate the elec-
tromagnetic field of the incident radiation from
the first lens to the sample (see Fig. ). Next, the re-
sulting field U (r,) is multiplied by the object trans-
mission function T (r,) and the field is propagated
to the second lens (see Fig. ),

U,(r,) = é LA Ui(r, )Tobj (r)

y explik |r,, []

cos(r;,,n)ds, (6)
|, |

where the coordinates r, = (x,, y,, z = z,) are the co-
ordinates of the plane of the second lens. The vec-
tor r , is the distance between two points in these
planes, and n is normal to the surface of the sample.

Lastly, the electromagnetic field U (r,) multi-
plies with the transmission function of the second
lens and propagates to the single-pixel detector, lo-
catedatr, = (x,=0,y,=0,z=2z,):

U3 (1’3) = ﬁ LA U, (1’2 )T(rz)

y explik |r,; |]

cos(r,;,n)dS. (7)
1y |
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Fig. 1. A schematic representation of the setup for numerical experimentation.
The spherical wave propagator is successively applied three times: 1) to calculate
the propagation from the plane (x, y,) to the plane of the object (x,, y,), 2) to cal-
culate the propagation from the plane (x,, y,) to the plane of the object (x,, y,) and
3) to calculate the propagation from the plane (x,, y,) to the single-pixel detector
(x, y,) = (0,0). The detector is a single-pixel camera. The sample is scanned by raster
in the x, and y, directions (orange arrows).

The operation is consecutively performed for differ-
ent positions of the sample, which is raster-scanned
in the x, and y, directions. This is the theoretical
basis for our further numerical experimentation.

We note that the numerical simulations involv-
ing the Airy phase mask require an additional step,
because the element in Fig. [ll is replaced by the cu-
bic Airy mask (3) and a thin lens (1) separated by
a distance of 1 cm.

3. Dissection of numerical experiments

We select an imaging sample motivated by our re-
cent research (see Ref. [ﬂ]). In this research, we

(a) ]
20
é 0 0.5
=
-20
0
-20 0 20
x (mm)

have benchmarked the resolution of various struc-
tured illumination setups using a sample containing
12 groups of four lines with different line widths of
black and white strips. Nevertheless, the question is
still open as to how these various imaging systems
will perform when a sample is an actual image with
varying levels of transparency and fine details. In
order to answer this question, we have prepared
two samples containing different modulation levels
of transmittance with varying degrees of spatial de-
tails (see Fig. @). We recall that the wavelength of
the electromagnatic radiation is A = 0.5 mm; thus,
the approximate size of the imaging sample is ap-
proximately 100 wavelengths.
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Fig. 2. Two imaging samples (with sizes of 50 mm) used in further numeri-
cal experimentations: the coat of arms of Lithuania (a) and the coat of arms of
Ukmergé (b). Colour bars represent the transmittivity of the imaging sample.
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To demonstrate the problems that arise from
conventional nonparaxial imaging, we performed
a numerical simulation of the sample imaging
using a paraxial thin lens (see Eq. (1)) and a non-
paraxial lens (see Eq. (4)) under conditions of THz
illumination with a wavelength of A = 0.5 mm and
an optical wavelength of A = 0.5 ym. We used lens-
es with focal lengths of 1 cm and placed the object
2 cm away from the lens. The image was recorded
at a distance of 2 cm from the lens so as not to have
a magnification of the image. The results are depict-
ed in Fig. E, please note the reversal of the axis as
the image is inverted in the image plane.

First, we note that under optical illumination,
due to the small wavelength, both samples are im-
aged properly (see Fig. E (a, d)). Images of both ob-
jects are 50 mm in size, as expected. As we move
to the THz wavelengths, the single-shot images be-
come hugely distorted (Fig. H(b, ¢, e, f)). The thin
lens is able to image only very small regions in
the centre of the samples, but it fails overall. Even
the general form of the sample is completely dis-

torted and unrecognizable. This is an expected be-
haviour due to two factors: first, the thin lens is just
a paraxial approximation, which in an expected
manner fails the test. Second, because of the rather
large wavelength of the THz radiation, the sin-
gle-shot imaging process becomes a nonparaxial
process, where rays travelling from different parts
of the sample at different angles will not arrive at
the same time to the imaging plane.

Single-shot imaging using the nonparaxial hy-
perbolical lens performs slightly better, as at least
the outer form of both coats of arms is recognizable
(see Fig. @(c, f)). We even manage to recognize some
smaller inner structures; however, the shortcomings
of the single-shot imaging become obvious.

With this in mind, we proceed now to numeri-
cal simulations in the following setup (see Fig. ).
This is a general setup, largely mimicking the ex-
perimental setup from Ref. [@]. The sample is
placed at the distance z, from element 1, which is
an element with the phase transmission function,
described using Eqs. (1-4). We did a raster scan of
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Fig. 3. Optical (a, d) and THz (b, c, e, f) single shot imaging of semitransparent samples: the coat of arms
of Lithuania (a-c) and the coat of arms of Ukmergé (d-f). Colour bars represent the recorded intensity of
the sample image. All samples are located 2 cm away from the thin lens (a, b, d, e) and the nonparaxial hyper-
bolical lens (c, f) with a focal distance of f= 1 cm. Images are recorded in the plane located 2 cm from the other
side of lenses. Distances were chosen as not to have any magnification.
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the two samples in the x and y directions and re-
corded the signal detected by the single pixel de-
tector. A comparison of the images obtained using
single-pixel imaging for one particular distance is
given in Fig. #. The conditions under which images
are recorded are as follows.

In the case of thin lens illumination, the bright-
est focal spot formed at a distance of 8.5 mm from
the lens; therefore, we have chosen this distance to
place our sample (z, = 8.5 mm), see Fig. E] Further,
at the distance z, = 26 mm, the second collecting lens
was placed. The single-pixel detector was located at
the distance z, = 20 mm. The outcome of the raster
scanning procedure is given in Fig. @(a). We note im-
mediately that in contrast to the single-shot imaging,
the single-pixel THz imaging is capable of resolving
not only the semitransparancy of the sample but also
fine details. Of course, some very fine details are lost
in the imagining process. Nevertheless, the sample is
overall very well recognizable.

The second configuration did involve an axicon
phase mask (see Eq. (2)). The brightest focal spot

(a) Imaged sample
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_ 6000
g
g0 4000
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-20 0 20
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is formed at the distance z, = 12 mm; therefore we
have placed the imaging ob]ect there (see Fig. E])

Furthermore, at the distance z, = 18 mm, the second
collecting lens was placed. The single-pixel detector
was located at the distance z, = 20 mm. The result of
the raster scanning procedure is given in Fig. @(b)

Once again, in contrast to the single-shot imaging,
we are able to record the sample with much better
quality and even resolve the fine details. However,
the picture at first sight seems to be of poorer quality
than the one imaged with a single pixel thin lens,
because of the lower image sharpness and bloom-
ing. However, the signal collected in the single-pixel
camera seems to be stronger than in the previous
simulation. This can be explained by the concept of
modulation transfer function [].

Within the theory of imaging, the perfect repro-
duction of the object, including sharp transitions at
the edge of the pixel, is assumed, but this is never
tully achieved in practice. Even a well-designed and
manufactured lens cannot completely reproduce
an object’s resolution and contrast due to the nature
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Fig. 4. Nonparaxial single-pixel THz imaging of the semitransparent sample coat
of arms of Lithuania under different structured illuminations. Colour bars repre-
sent the recorded intensity of the sample image. The illumination is produced by
the thin lens (a), the axicon (b), the Airy phase mask together with the lens (c)

and the hyperbolical nonparaxial lens (d).
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of light. The resolving power of the system depends
on its ability to detect the space between objects.
This ability is described by the modulation trans-
fer function, which fundamentally indicates how
modulations in the object are recorded by the im-
aging system in the recorded image.

The comparison of Fig. @(a) and Fig. H(b) re-
veals that the modulation transfer functions of thin
lens and axicon behave differently in the sense that
the lens images preserve a linear response to lin-
ear modulations in the object, but the modulation
transfer of the axicon tends to result in a better res-
olution and finesse while distorting transmission
levels of the object under inspection.

The third configuration uses the Airy phase
mask (see Eq. (3)). The brightest focal spot is
formed at the distance z, = 10 mm, therefore we
have placed the image there (see Fig. m) Further, at
the distance z, = 26 mm, the second collecting lens
was placed. The single-pixel detector was located
at the distance z, = 20 mm. The result of the ras-
ter scanning procedure is given in Fig. @ . As
we see, the structured Airy illumination results in
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the modulation transfer function, where the linear-
ity in the response to the strength of the modula-
tion is restored compared to the previous case (see
Fig. @(b)). Moreover, the fine details are better vis-
ible than in two previous cases.

Lastly, we investigate the performance of
the nonparaxial hyperbolical lens (see Eq. (4)).
The brightest focal spot is formed at the distance
z, = 10 mm (see Fig. [l). The distances z, and z, are
the same as before. The result of the raster scanning
procedure is given in Fig. @ (d). To our surprise,
the nonparaxial hyperbolical lens performs not
only better than the thin lens but also better than
the axicon and the Airy structured illumination,
resulting in the brightest and sharpest recorded im-
age. This finding is intriguing and requires further
investigation.

Now we proceed to the investigation of the sec-
ond sample, which has finer details with both large
and small modulations in it. All distances z,, z, and
z, were kept as in the previous imaging run (see
Flg I The result of the raster scanning procedure
is given in Fig.
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Fig. 5. Nonparaxial single-pixel THz imaging of the semi-transparent sample coat
of arms of Ukmergé under different structured illuminations. Colour bars repre-
sent the recorded intensity of the sample image. The illumination is produced by
the thin lens (a), the axicon (b), the Airy phase mask together with the lens (c)

and the hyperbolical nonparaxial lens (d).
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In this numerical experimentation, we suggest
paying particular attention to the ‘bright’ and ‘dark’
windows in the object, the ‘roof’, ‘brick wall, and
to the ‘rose’ and the ‘bull; as these are fine details
with various levels of the modulation strengths.
First, the thin lens is able to resolve the sample (see
Fig. E(a)). Some details look a bit blurred, and some
details are not resolved. This is an expected behav-
iour, as there is a physical limitation on the spatial
frequencies which can be resolved in such a system.

The axicon illumination can image the sample
as well (see Fig. E(b)). We note that the image now
is brighter a few times, though the modulation lev-
els from the original are somewhat flattened out.
Most importantly, some fine details look now bet-
ter resolved than in the previous case, pay attention
to the subobjects in the picture.

The structured Airy illumination introduces fur-
ther changes into the recorded image of the sample
(see Fig. f(c)). Most notably, the brick wall is now
hard to resolve, but other objects of the same level
of detail can be detected in the image. This is prob-
ably caused by the modulation transfer function of
the imaging system being less sensitive to details
of that spatial resolution. The image brightness is
the same as in the previous case.

Moving our attention to the nonparaxial hyper-
bolic lens, we see that the sample is also success-
fully imaged (see Fig. E(d)). Most importantly, we
are able to increase the brightness almost 1.5 times
compared to the previous two cases. Although, in
general, a picture makes an impression of better
quality, this is not so conclusive. Pay attention to
the ‘brick wall’ - this detail seems to be badly re-
solved, while other fine details might look better
than in previous cases.

In conclusion, we have successfully imaged intri-
cate images that have a high contrast and a variable
transparency with a single- pixel imaging technique
that resolves the features of the image. For this pur-
pose, we have introduced a nonparaxial hyperbolic
lens, which we have used for Airy beam genera-
tion and both for the sample illumination and light
direction to the detector. The results indicate that
the modulation transfer function might depend
not only on the spatial frequency of that modula-
tion, but also on the strength of the modulation in
the original object. This makes the assessment of
the image quality of semitransparent objects not as
straightforward as for objects with binary levels of

modulation in transmission [, ]. Our findings
indicate the need to perform more numerical and
experimental studies on this topic, which are under
review and will be presented elsewhere.
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NEPARAKSIALINIS VIENO PIKSELIO PUSIAU PERMATOMU OBJEKTUY
VAIZDINIMAS NAUDOJANT PLOKSCIA DIFRAKCINE OPTIKA

P. Kizevi¢ius #, S. Orlov ¢, K. Mundrys ¢, V. Jukna ¢, L. Minkevi¢ius ®, G. Valusis ®

* Fiziniy ir technologijos moksly centro Fundamentiniy tyrimy skyrius, Vilnius, Lietuva

® Fiziniy ir technologijos moksly centro Optoelektronikos skyrius, Vilnius, Lietuva

Santrauka

Didelés skaitinés apertiiros lesiai gali sukelti iskrai-
pymus tradiciniame vaizdinime, todél aukstos kokybés
vaizdy gavimas gali bati sudétingas ar net nejmanomas.
Tadiau vieno tasko vaizdinime $i problema minimizuo-
jama pasitelkus jvairias vaizdo ap$vietimo ir spinduliuo-
tés surinkimo strategijas. Todél jmanoma registruoti
objektus su puikia skiriamaja geba, kontrastu ir ryskiu.
Naujausi plokstieji fotoniniai elementai palengvino
kompaktisky neparaksialiniy vaizdinimo sistemy kuari-
ma, kurie gali bati plac¢iai panaudoti optiniame diapazo-
ne. Ypa¢ patrauklu juos naudoti THz bangy ilgiy vaiz-

dinime. Sios naujovés suteikia galimybe tobuléti tokiose
srityse kaip komunikacija, medziagy tikrinimas ir spek-
troskopija. Siuo straipsniu pristatome pusiau skaidriy
skirtingo detalumo objekty vieno tasko vaizdinima THz
diapazone. Aprasome neparaksialinio ploks¢io hiperbo-
linio lesio fazés skirstinj ir jvertiname jo veikimag jvai-
riuose vaizdinimo scenarijuose, lygindami jj su struk-
tarinio apsvietimo metodais, apimanciais Airy, Beselio
ir plonojo lesio konfigtracijas. Pateikiame i$vadas apie
galimus vaizdinimo patobulinimus siekiant geriausios
vaizdinimo kokybés.
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