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The Clebsch-Gordan coefficients or Wigner 3j symbols are known to be proportional to a ,F,(1) hy-
pergeometric series, and Racah 6j coefficients to ,F,(1). In general, however, non-trivial 9j symbols cannot
be expressed as F,. In this paper, we show, using the Dougall-Ramanujan identity, that special stretched 9j
symbols can be reformulated as _F,(1) hypergeometric series.
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1. Introduction

It is well known that the Clebsch-Gordan
coefficients or 3j symbols can be expressed by
a ,F (1) hypergeometric series. In the same way, 6;
coefficients are proportional to ,F,(1) [Iil]. The 9j
angular-momentum coefficient plays a major role
in atomic physics, for example, because it char-
acterizes the transformation from LS to jj cou-
plings. The triple sum series of AliSauskas, Jucys
and Bandzaitis is the simplest known form for
the 9j [E]. It consists of a triple summation,
the numerical implementation of which is faster
and more accurate than the conventional single
sum (over one product of three 6; coefficients) and
double sum (over a product of 3j coefficients) [E].
The AliSauskas-Jucys-Bandzaitis formula has been
identified as a particular case of the triple hyper-
geometric functions of Lauricella-Saran-Sriv-
astava [E]. The 9j coefficient was shown not to
belong, in general, to the F family of hypergeo-
metric functions []. Wau investigated the class of
hypergeometric functions of the Gel'fand type [,
ﬁ], being the Radon transforms of products of lin-
ear forms, but did not succeed. In general, the 9j
symbol can therefore not be expressed as F,(1).

The question that we try to answer in this paper
is the following: Are there particular 9j that can
be expressed in terms of _F,(1) (without summa-
tion)? Asked this way, the answer is obviously ‘yes,
because if the arguments of 9j are sufficiently de-
generate, in the sense that one or more triads (col-
umns or rows) are such that one of their argument
is the sum of the two others, it will be 6j, or 3j, or
even equal to 1, and we can then obviously write it
as _F,(1) with particular arguments. In the present
case, we add, of course, the additional constraint
that the result (discarding the pre-factors that are
products of factorials or factorial square roots) can-
not be proportional to ,F,(1), nor ,F,(1). In short,
the aim is to find a sufficiently non-trivial example.

A long time ago, Bandzaitis, Karosiene and
Yutsis [] derived formulas for the stretched 9j
coefficients. Sharp showed that there are five dif-
ferent doubly stretched coefficients and two triply
stretched ones [, ]. Some of them vanish, such
as |13, L]
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If one element is equal to unity [@], one gets
6j or a linear combination of 6j. If one argument is
zero, 9j reduces to 6j. If one triad is equal to (1/2,
1/2, 1), 9j reduces to 3j [@]. The following particu-
lar 97 with two degenerate triads,

a b c
d e [, (2)
a+d b+e g

is also proportional to 3; (see, e.g. Refs. [[19] or [EI],
Eq. (H), p- 354). One also has, for instance [[14],

a b c
d e fi=
a+d a+d+g g

nta+d+g,b,e) 8
n(a,b,c)n(d,e, fn(g,c, f)

){ 2a)!2d)!(22)! r

— (_ l)a’—e+f

(2a+2d +1)(2a+2b+2g+1)! 3)
where
n(a,b,c)=
[(@-b+o)a+b-c)a+b+c+)]" W
) (—a+b+c)! :

In the case where one of the argument is zero,
,F, can be obtained, for instance (see Eq. () in
Ref. [RdD),

a a 0
d e f
g h f
x Aa,e, )A(f,g,h)A(a,g,d)A(f,e,d)x
) r(-4) )
- l-a,,l-a,1-a,, B, )"

a0, .0, .2
F 1942535 4,1 , 5
X43[AJ&& } )

_ (_1)a+e+/'+g (_Dﬂl +1 y
C[Ra+ D@2 f+D]"?

where o =h-a-ea,=h-f-ga=d-a-g
a,=d-e-f,f=-a-e-f-g-1,f,=d+h-e-g+1
and B, = d + h - a - f + 1. The notation
I'(x, y, z, ...) is a shortcut for the product

Irero)re)...

In Section 2, we show, using the Dougall-Ra-
manujan identity, that special stretched 95 symbols
can be expressed as a .F,(1) hypergeometric series.

2. From the Dougall-Ramanujan relation to
the _F (1) representation of particular stretched
9j symbols

Varshalovich et al. give (Eq. (), p- 354) [Iil]

a b a+b
d e f =
e d a+b+f

Ala+b+ f,e,d) o
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where

(a+b—c)a-b+o)(—a+b+o)]” )
(a+b+c+1)! '

A(a,b,c) = {

Now one uses the following Dougall-Ramanu-
jan identi% for the well-poised .F, series, which
I:

reads [@,

ﬁJrl,n,f)c,fy,fz
2 . =
5 F:‘ |:Z,x+n+],y+n+1,z+n+] ’ 1:|
_ I'(x+n+DI'(y+n+1)
Fn+DC(x+y+z+n+1)

“ Frz+n+DI'(x+y+n+1)
T(y+z+n+D)D(x+z+n+1)

(8)

Note that for z = -n/2, the latter expression re-
duces to the Dixon formula [@]. The right-hand
side of the above equation can be re-expressed as
the last term of Eq. (f)), namely

(a+b+e+d+ Hle—a+d)(e-b+d)(d+e— [)!
(e+d—a—b- [ a+erd)\(bretd)d+et )’ O

provided that one performs the change of variables
x=b+f,y=a+f,z=a+bandn=e+d-a-b-f
One thus gets
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a b a+b
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which is the main result of the present work. As an
example, one finds

6 10 16
4 gl 13 f1615,

124062\ 7683753 (11)
12 14 24

and the computation times are, using the Abso-
luteTiming[] function in Mathematica [@],
0.999675 s for the Racah formula (a sum of the pro-
duct of three 6j symbols), 0.001472 s for Eq. ([13),
p. 354, Section 10.8.3 of Ref. [Iil] and 0.000542 s
using the _F (1) hypergeometric-series expression
(see Eq. (@)). The new expression is thus the most
efficient one.

3. Numerical implementation

The interest of hypergeometric functions for
the computation of 3#nj coefficients has been al-
ready pointed out. Wills [@] arranged the series
expansion of the Clebsch-Gordan coefficient
into a nested form and suggested that a similar
rearrangement was possible for the 6j coefficient,
which was confirmed by Bretz [@]. We propose
to use the same technique for the particular
stretched 9j coefficients of Eq. (). The basic idea
is to compute the ,F,(1) using the Horner’s rule for
polynomial evaluation, as

&/,:H(aj +1), (13)

and

q
HB=(i+D] (B, +0). (14)
k=1
The Wills nested form avoids the numerical
overflow issues due to the factorials and is rather
fast [@]. This is important in the case of large an-
gular momenta, because the summations may con-
tain large numbers of terms.

4. Comments and precautions

It is important, however, to keep in mind that 3;j
symbols play an essentially different role in repre-
sentation theory than 6j and 9j symbols. Moreover,
6j symbols are given by balanced (or Saalschiitzian)
,F, series, and this means, using the notations of

Eq. (12), that

i,ﬁi =1 +Z3: a;.
i=1 i=1

Conversely, the sums appearing in the present
paper are well poised .F, series, meaning that

(15)

l+a =B +a=F+a,=B +a, (16)

Although it makes sense to think of the 9j sym-
bol as a generalization of the 6j symbol, the well-
poised .F, is not a generalization of the bal-
anced F,.

5. Conclusions

It seems that there is no way to express a general
9j (with 9 arbitrary parameters satisfying the re-
quired triangular inequalities), using a simple
,F,(1), without summation. In the present work,
we found an example of the doubly-stretched
9j symbol, which can be put in a form propor-
tional to the ,F (1) hypergeometric function.
The example in question contains five free pa-
rameters out of nine, and this is already impor-
tant, but there may be another (less) particular 9j
containing more free parameters, which may be
expressed as .F,(1), times a relatively universal
pre-factor.
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Appendix: Remarks on the implementation
of hypergeometric functions in a Computer
Algebra System

The evaluation, with a Computer Algebra System,
of the coefficients

a b a+b
d e f (17)
e d a+b+f

whene+d-a-0b-f=0, requires special attention.

For instance, using Mathematica [é},
HypergeometricPFQL{n/2+1, n, -Xx,
-y, =z}, {n/2, xtnt1, y+nt1, ztn+1}, 1]

/. {n >0, x->2,y—>2,z->2}
gives the value 1, but

HypergeometricPFQL{n/2+1, n, -x,
-y, =z}, {n/2, xtn+1, y+n+t1, ztn+1}, 1]

/. Ix=>2,y->2,z->2/. {n => 03,

which should provide the same result, gives the val-
ue 5/12. The latter value is actually the correct re-
sult (and the former is incompatible with the Dou-
gall-Ramanujan identity (E)).
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