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In order to ascertain the precise atomic characteristics, it is important to incorporate a wide range of electron
correlations in the computational analysis. However, it is important to note that undertaking such studies will result
in substantial increases of the configuration state function expansions. The present publication, as well as the series
of articles that have been published by G. Gaigalas, P. Rynkun, and L. Kitoviené, are dedicated to the analysis and
resolution of the problem in question. In this series, a method was developed based on second-order perturbation
theory to identify the most important core—valence, core, core—core, and valence-valence correlations. The method
under discussion is based on a combination of the relativistic configuration interaction method and the stationary
second-order Rayleigh-Schrédinger many-body perturbation theory in an irreducible tensorial form. In this study,
the method is further expanded to encompass additional core-valence electron correlations of the third and fourth
types. Conversely, the correlations that are not encompassed by perturbation theory are addressed in a conventional
manner. This method can be used to calculate the properties of an atom or ion with any number of valence and core
electrons. As an example of its application, the atomic calculations of the energy structure and lifetime for Ne II are
presented.

Keywords: configuration interaction, spin-angular integration, perturbation theory, tensorial algebra, va-
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1. Introduction

In this work, a further development of the sec-
ond-order Rayleigh-Schrodinger many-body per-
turbation theory (RSMBPT) [] in an irreducible
tensorial form [P-€] is presented for a computa-
tional package GRraAsP [ﬁ, E] based on the multi-
configuration Dirac-Hartree-Fock (MCDHF)
approximation and the relativistic configuration
interaction (RCI) method []. This combina-
tion greatly facilitates the selection of the config-
uration state function (CSF) space in a way that
does not sacrifice computational accuracy but
minimizes the space itself in the RCI method.

In this paper, the methodology is extended to
core-valence correlations, which are conditioned

by a three-particle Feynman diagram. Although
in this case a large number of CSFs that represent
these correlations do not enter the computation,
for completeness of the methodology and for de-
veloping a general algorithm, we consider this
extension to be important in the generation of
the CSF space []. Moreover, this extension fa-
cilitates the use of the methodology for complex
systems.

Similarly, as in our previous papers [B], we
have provided in this paper (Section 2) the ana-
lytical expression of a three-particle Feynman
diagram describing the core-valence correlations
with explanations. Since the spin-angular part of
this diagram is much more complex, a signifi-
cant part of the paper is devoted to calculating
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the spin-angular coefficients [[13, [14] and the ex-
tension of library Llibrang [] (Section 3).
The final expressions are presented in Section 4
of the paper. Section 5 contains the calculations
showing that the expressions and the examina-
tion of the core-valence correlations presented in
the paper are correct and usable. Conclusions are
presented in Section 6.

2. Relativistic second-order effective
Hamiltonian of an atom or ion in an irreducible
tensorial form for the remaining core-valence
correlations

New Feynman diagrams are used to describe core-
valence (CV) correlations, which were not available
for core (C) [E], core-core (CC) [H], and valence-
valence (VV) [E] correlations. We discuss this in
detail below.

2.1. The third type of core-valence correlations

The first two types of core-valence correlations
are already described in the paper [H]. The third
type of core-valence correlations is presented
through the Feynman diagram CV_ from Fig. ,
where all lines with the double arrow of diagram
are renamed in the following way: p’ = m and
m=n=n"=p=n.
(1,6) 12 (1,6, 15 (1,6 2 —>

m m n

= (n,6) 72 () ! (n,6) 1)

m - m

The three-particle Feynman diagrams CV., ex-
pression, like the diagrams described in the pre-
vious papers [E], have an energy denominator
D=3% (e, ~ eup), where ¢, (sup) is the single-
particle eigenvalue associated with the down-
(up-) orbital lines to (from) the lowest interaction
line of the diagram. For example, the denomina-
tors for the CV_ diagram are

D=(e, + €, - €, - sp), (2)

where the index a belongs to the F set, and p’, n, p
belong to the F’ set of orbitals [E].

Also, the following notations are used in the ex-
pressions of this diagram (see Fig. ):

X (01 1) = IOV T € IOV €, ) %
X Rk(”iji njjj> n,Jj, nj’jj’)’ (3)

where Rk(”J;—”_;fy ni,j'i,n/j/,) is the radial integral
of electrostatic interaction between electrons
(Ref. [@], Egs. (89) and (90)) and (£,j, ”Gk)"eij) is
the reduced matrix element of the irreducible ten-
sor operator C% in the jj—coupling.

This diagram has six operators of second quan-
tization (three pairs of creation and annihilation
operators) as was in the paper [H]. This complicates
finding the values of the spin-angular coefficient
of this diagram and therefore makes the original
program library librang [] from GRASP un-
usable in the most general case. But for this case
the problem was already solved in the paper [H] and
the program library Librang [[l3] was appropri-
ately extended.

Fig. 1. The CV Feynman diagram of the second-order effective Hamiltonian for the third and fourth

_ H 2jat1
types of core-valence correlations (n £ ) j7*"' (n

Twpt2
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2.2. The fourth type of core-valence correlations

The following type of correlations
(l/la[a)jazja+1 (nmgm)jr‘:m (nnfn)j:n (npfp)jlv:p -

o 1,072 (1,613 (1,6 757 (0,6) 73 ()
is described by the same diagram CV_ with four
different sets of open lines with double-arrow in-
dices. Four diagrams A , A, A, and A, from Fig.
represent all these different sets. For example, the
Feynman diagram A, has the following values:
m=p'=m, m'=p=nand n =n'=p. Therefore,
to find the value of this type of correlations, it is
necessary to analyze all four diagrams: A, A, A,
and A,. But it is important to note that, to achieve
the same result, the four diagrams can be eas-
ily replaced by just two diagrams, A, (A, = A),
A, (A = A), plus a multiplier (1 + P (...)), where
the notation P (n & p) means that the indices n

and p should be swapped. This makes it consider-
ably easier to carry out the desired calculations.
Note that A, describes the direct part of the cor-
relation under consideration, while A, describes
the exchange part of the interaction. These A,
and A_ are three-particle Feynman diagrams for
which the program library Librang ﬁ@] from
Grasp does not support the calculation of spin-
angular parts. It is therefore necessary to extend
the capabilities of this program library to calculate
the values of these diagrams. This problem will be
discussed and solved in detail in the next section.

3. The spin-angular part of the three-particle
Feynman diagram contributing to core- valence
correlations

The program library librang [] from GRASP
evaluates spin-angular coefficients of any matrix
element with any number of open subshells for any
one-and/or two-particle operators. Therefore, in the

Fig. 2. The CV Feynman diagrams of the second-order effective Hamiltonian, express-
ing the fourth type of core-valence correlations (n. ) j ¥« (n € ) j'm (n L) ji (np{’p) >

(naga)jija (nt )j,:Wl (nt )j:"l+l (npfp)j;’p‘*l.

m m n n

nn
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previous papers [E], when developing the com-
bination of second-order Rayleigh-Schrodinger
perturbation theory and relativistic configuration
interaction method, there was no problem in using
it to find correlations described by vacuum, one-
and two-particle Feynman diagrams. However,
problems with using this library arise when dealing
with three-particle operators [f].

The program library Librang [[13] is based on
the spin-angular approach [, , ]. The specifics
of this approach (factorization of standard values, in-
teraction strengths, and recoupling matrices) make it
easy enough to extend it to allow the program library
to find the spin-angular part of the CV_ Feynman
diagram that is needed to find the correlations that
are being studied in this paper. This can be done by
using ideas published in the papers [, ], where
the second quantization operators are grouped ac-
cording to their action on the subshell, i.e. so that
the second quantization operators acting on the sub-
shell m first, then on the subshell p (if there are any),
and finally on the subshell n. The spin-angular library
extension, both in the paper [E] and in this paper,
also uses quasispin symmetry and formalism [,
@, ], as in the original library Librang [@]. This
greatly facilitates spin-angular integration. Below, we
show how this has been done for the different types
of core-valence correlations separately described by
a three-particle Feynman diagram.

3.1. The spin-angular part of the third type of core-
valence correlations

In this case, the diagram CV_ has the tensorial
structure

Um) s ;4 Un)]k) 5 Un) G107 )
[[[a,% x @,%® x [a,% x a /™" x
X [as(jn) X dé(jm)](k’)](o)’ (5)

where the subscript next to the operator indi-
cates the sequence number of the second quanti-
zation operator in the tensorial product. As seen
in the tensorial structure (5), two pairs of second
quantization operators are mixed, i.e. they consist
of the second quantization operators acting on dif-
ferent subshells. This is a pair consisting of opera-
tors with sequence numbers 1 and 2 and a pair with
sequence numbers 5 and 6. This situation greatly
complicates the study of the spin-angular part of

Fig. 3. Diagram showing the
recoupling coefficient C,.

this operator. But if we replace the tensorial struc-
ture (5) with the following

[[a1</’m> X d6<jm>]u1> x [[a,0n x a i@
X [aNZ(jn) % as(f")](Jz)](Jl)](o)’ (6)

then the situation would change and one could eas-
ily extend the spin-angular approach [, @, ] to
the study of three-particle operator for this type of
correlations [] as was done in the paper [f]. We
also point out that this allows us to use all known
symmetries of the atom, including the quasispin
symmetry [, @], in the calculations.

There are several such options for the tensorial
product. But we have chosen the form (6) because
the transformation to (6) is similar to the transfor-
mation from Eq. () to () in the paper [H], and it
is possible to make use of the recoupling coefficients
of [E] represented by diagrams B and B,. But first of
all, using the well-known commutation rule of sec-
ondary quantization (see, for example, Eq. (29) from
Ref. [|19], where expression is in the LS-coupling),

[&(j,) ><a(ij](Y) — _(_1)/',+/rx [a(/‘;{) Xfl(f’)](x) +

#1161, nid,j) 3(x,0), (7)

we interchange the operators a, and a,. This leads
to the expression

. . ) U 1®)
[[[G:J”’) x a1 x[a a0 " x

N (0
X[agfn)xaéjm)](k)} _

L o ")
— (-1)" [[[af’m) < a0 x [a w10 ] x

. o @ . .
X[agj,nxdg/,,,)](k)} 0 [T x a1 x

, o
<[al) a1 | 5000k, ). (8)
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Now, in the first part of expression (8), using
the same commutation rule (7), after interchanging
the operators of the first and third pair of the op-
erators of secondary quantization, we get

v
[[[am) 0T [ xa(’")](x)]( Yo
Un) ¢ ) |
X [Cl Jn) &Gjm ] j|
, ) e *")
— (1) [[[am a0 x [al) a;zn](x)} o
) s g0 18 | - ) ¢ 50010
<o x a1 | U0 [la xad)
U o 500 | :
x [l x & ] J 5(x,0) 5(k, k. (9)

Now, similarly to the case of the paper [H] (Eq. (7)),
using the commutation rules of the operators of
the second quantization and the graphical repre-
sentation [@] of the angular momentum theory,
we transform the first part of expression (9) into
the tensorial structure (6), and the second part of
the expression we transform in such a way that
the pair of operators of the second quantization act
on the same subshell. Thus, we get

o ny R (()
[[[alu,n) x a0 x &l x af"”)]“)} %

, S O
X[aéznxaé/m)](k)}

[ Un) o
% [ x al )]U)]( >+( ) e [ Gn)
):I(Jl

["a 7

X[[al(jm)xaéjm)](ﬂ x[a) x | J)J( 3(x,0) o(k, k"),

(10)

v+k+k C ~(/ ) (J)

~(/ ) (1)

% [[az(;j") x a1 x @ x a1

where the multipliers C, C, and C, are the recou-
pling matrices that come from the recoupling of
the tensorial products to the form given in Eq. (10).

Fig. 4. Diagram showing
the recoupling coefficient C,.

Fig. 5. Diagram show-
ing the recoupling
coefficient C,.

Comparing the diagram B, from the paper [H] with
the diagram C, of this paper, we see that in the dia-
gram of this paper there is an arrow on the line j
in the opposite direction and an opposite sign at
the node (1). The rest is the same. Therefore, to
have an analytical expression for the diagram C, in
this paper, we only need to use the algebraic expres-
sion of the diagram B, in the paper [E], multiplied
by the phase multiplier (1) x (=1)"*¥n>= (1)~
The C, diagram is identical to the B, diagram from
Ref. [E], ie. C,= B, and C, is a new arrival. Ac-
cording to the graphical representation of angu-
lar momentum theory [ |, the diagram C, is
equal to the 6-j symbol with additional multipliers.
The algebraic expressions for C, C,and C, of these
diagrams lead to the following analytical expres-
sion (10):

. . . *")
[[[aw agm](k)X[agmxayn]u)] o

. . 57O i
X [l x atin )} = (=T

x\/[k,T{J"’J" }Z( 1) \/[T{Jmek}

[[aum (,-m)](]) X[ao ) (J'n)](J)T )+
jm jn k
HD K Y. U190, T, xpx
o o Ju K

{[ al x a1 x [[ al? x a1 x
X[ x ag.f,»](./z)]”q(o) N
. J ]m jm J
+ LK1 2D ] ikl
J nJn

[[a(/) x gUm 1 x[al x <./">]<J>](°)><

x 8(x,0) 5(k,k"). (11)
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The first and the third terms in Eq. (11) corre-
spond to the spin-angular part of the two-particle
operators. The program library Librang [] is
therefore sufficient for their calculation. The second
term, with its three pairs of the second quantization
operators, corresponds to the three-particle opera-
tor (6). In this case, we have succeeded in obtaining
a tensorial expression for this three-particle operator
for which thelibrary L ibrang [] extension given
in the paper [H] is sufficient (see Section 3.1 of the
paper [f] for details). Only instead of Eq. (12) from
the paper [E] we need to use the expression

<(nn{n )],,WaJH I:[a(j") x a(/},)](x) %

a(j”)](JZ)J<JI) (n,t )j”aJ>

J+J"+J, x J J
=D Y {J JJ,,}

a"J"
<((n,t,) (n,8,));a"J")

><<(n t)j'a "J"H [a) x gt (nnfn)j;”a'J’>.

X[d(jn) %

(12)

a‘]H Un) ¢ U ](r)

Therefore, the library L ibrang must be extend-
ed by programming Eq. (12).

The above describes how to calculate the re-
duced matrix elements of a three-particle Feyn-
man diagram CV_ in the general case for the third
type of core-valence correlations. But it is possi-
ble to extract the individual parts which are more
straightforward to calculate, i.e. the coeflicient
Ag, (does not depend on the term), AF*(n, n) and
AF*(m, n) (regular spin-angular library Librang
can be used). The extraction of these expressions
is the same as in the papers [E]. Therefore, only
the reduced matrix element of part of Feynman
diagrams A, with tensorial product (6) is calcu-
lated from the general expression when the rank
k > 0. The part which is calculated from the gen-
eral expression will be denoted by AR" (mnn)
in the future.

3.2. The spin-angular part of the fourth type of
core-valence correlations

Two different Feynman diagrams A, and A_ from
Fig. P I describe this type of correlatlon We w111 con-
sider each separately, as their spin-angular part dif-
fers significantly.

3.2.1. The direct part of the fourth type of core-
valence correlation

Now let us discuss the diagram A,, with a tensorial
structure

: (k)
H[afwxa(;n)](k)x[wp aim](x)] o

70
«[a (m)xa(/m)](k)} ‘ (13)

As in Eq. (5), Eq. (13) is unsuitable to calculate
the spin-angular part because there are two pairs of
secondary quantization operators acting on differ-
ent subshells, i.e. [@ /' x @ "% and [a,0? x @ m]®,
Therefore, this tensorial product has to be trans-

formed into the following, using the commutation
rules of secondary quantization:

. . (J5)
H[ U"’)xa(’”’)](J‘)x[d;”’)xai”’)](")] Yo

©
x [ Xa(m]uz)} . (14)

But first of all, using the commutation rule (7) of
secondary quantization we interchange the opera-
tors a, and a, and the operators a, and a_. This leads
to the expression

. . . . (k")
H[alum x al O <[l xdiw](x)} »

( n) ~( n) (k") ©
X (lSj X(16] ] =
(k")

= (_1)k+k’ H[g,;m % afj,,,)]uo x[ a;fp) % ai.fp)](x):| %

x [l Xa(/n)](kw}(o) (15)

Now transforming the tensorial product (15) to
(14) is determined by the tensorial product recou-
pling matrix, which is represented by the diagram B,
from the paper [E] (see Fig. E there). The final result is

K

U:[a(/m a(/n ](k) X[~(/p ai/p)](x):|( %

. ~ 77(0)
x [a x ~(Jm)](k):| -
=(- 1)k+k z B, [[ () aéj'")]“”x
I,

©

[d;jp Xaoﬂ ]m] X[am <j,1>]<12>] (16)
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jm .]nk
_( 1)/m+/,,+k+x\/[k k]Z\/[JpJ] J J x bx
Jn Ju K

X l:[[a(]*ﬂ) Xa(]m)](fl) X[El;jp) Xa;jp)](x)](Jz) %

, ©
x [ay x (J”)](JZ)} (16 continued)

The program library Librang [@] available in
the Grasp package is sufficient for the calculation of
the reduced matrix element of Feynman diagrams
A,, but the method of calculation of this type of op-
erator is not described in Ref. [@]. This is described
in the paper [E] (see Subsection 3.2.1 there).

3.2.2. The exchange part of the fourth type of core-
valence correlations

Now let us discuss the diagram A , with a tensorial
structure

(k")

H[ () xa“"’]”‘)x[agj”)xaif")](")] %

) _ ()
x[aé""’xdé’m)](")} : (17)

This tensorial product is unsuitable to calculate
the spin-angular part for the same reason as for
Egs. (5) and (13). Therefore, this tensorial product
has to be transformed into the following, using
the commutation rules of secondary quantization:

. . (J)
H[ </,n>xa</m>]<Jl)x[c~,;fp)Xa;m](_v)} Y

‘ , ©
x [ Xaim]uz)J ‘ (18)

But first of all, using the commutation rule (7) of
secondary quantization we interchange the opera-
tors a and a, and the operators a, and a. This leads
to the expression

: . (k")

H[ Un) ¢ gl ](")x[a;”’)xa;f")](x)] %
N ()

x[a"" x aé’m)]“‘)}

X[[[agm x a0 x [ x aif">](”)]

( )9k ©
x[aU" x aP >J .

_ (—l)j” +jpth+k'+1 %

(K"
X

(19)

Now transforming the tensorial product (19) to
(18) is determined by the tensorial product recou-
pling matrix, which is represented by the diagram
B, from the paper [E] (see Fig. E there). The final
result is

(k)

[[[aff'") x a0 x[a x aij")](xq %
O
x[a” x 5,2/,,»](“} _

. ) ()
% Z B, |i|:[al(/m) ~(/ )](Jl)x[a(/l) a;/p)](,v)] 2

(_ 1)j"+j" +k+k'+1 «

JiJy,y
ya(J (0) ik
x[a(’ ) (/,,)]( z):| :(_1)/m+/n+ g
) Ji+J,
X \][kakvx] Z (_1) \/[JI’JZJy]X
JiJy,y

, R (09
H[a(m a1 x[al x aé”’)](”] 2

() ¢ gl | J(O) « (20)

x[a,

R or e
E U G SS I COV PRV IS B U My ) O S

The program library Llibrang [] available
in the Grasp package is sufficient for the calcula-
tion of the reduced matrix element of Feynman
diagram A_. The use of the library in this case is
exactly the same as the one presented in the pa-
per [g} (see Subsection 3.2.2 there [E]) In this
case, only the multiplier ®'(n), n), niAl, n'A, &
differs.

3.2.3. The special cases of the fourth type of core-
valence correlations

The way to calculate reduced matrix elements of
Feynman diagrams A_ and A, in the general case
is presented in Subsections 3.2.1 and 3.2.2. But it is
possible to extract, as it was shown in Subsection
3.1, the individual parts which are more straight-
forward to calculate, i.e. the coefficient AE  (does
not depend on the term) and AF*(n, p) (regu-
lar spin-angular library librang can be used).
The extraction of these expressions is the same as
in the papers [@]. Therefore, only the reduced
matrix element of part of three-particle Feynman
diagrams A_and A_ is calculated from the general
expression, where the rank k > 0. The part which
is calculated from the general expression will be
denoted by AR (mnp) in the future.
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In the next section, we will give the final expres-
sions for these two types of correlations (third and
fourth types of core-valence correlations), as we

did in the papers [B]

4. Combination of RCI approximation
with the stationary second-order Rayleigh-
Schrédinger many-body perturbation theory

Similar to core—valence [J], core [E], core—core [H],
and valence-valence [E, | correlations the admixed
configurations from core—valence correlations deriv-
ing from the three-particle Feynman diagram CV,
(Egs. (1) and (4)) can be added to the usual energy
E (K) of the term xJ of the configuration K and can
be expressed as the energy Ae¢ (KJ), which does not
depend on the term, and the sum of the product of
Slater integrals and spin-angular coefficients, de-
scribing the interaction within and between open
subshells,

E(K yJ)=E,(KJ)+Ag,(KJ)+
Y A" Ky D F (b, nt))+

ntj k>0

+ ATk(nfj, ndj)]+

+z Z {ka(ﬁj"{” "™ K yJ) %

nlj n'j'>nlj k>0

x[ F (ntj, n't'j"y+ A FX(ntj, n't'j")] +
+ng(fj”f i K xJ) 9 (g, n'tj") +

+zvk({]w{' AT {]u Zfr W +2 KZJK'}[’J)X

x REnljnt, n't'i'n't;" \ +

- Z<\PH[ [0 x a D" x

n[j k>0
n'j'#=nlj k' x

x[[a") % a1 x[a x <j')]<k'>}"”]
x ARSI (nj n'e'j'n't’j") +

- Z<WH ([0 xa" 1%
nG k>0

nfj#nf/ k'\x
n'""j"£nlj

(k") , e 1(0)
x[do)xauqm} X[ﬁ(‘/)xa(j)](k):l H\P>x

(21)

(0)
Y ix

x A R ntjn'l'j'n"t"j"),

where fk, g.and v, are spin-angular coefficients from
which submatrix elements ({j||C®||'/') are extract-
ed. Therefore, the summation over k runs over all
possible values instead of the values that satisty
the triangular condition (££'k) as it is in the regular
case. The FX(nlj, n'l’j"), GX(n¢j, n'C’j") and RX(n€jntj,
n'l’j'n'C’j") are the generalized integrals of the elec-
trostatic interaction between electrons. The defini-
tion of R¥(n€jntj, n't'j'n't’j') is the following:

R, i) =
=L+ S (140G 25 RGjom J) %

<IN TP, 22)
where R¥(n.j, n.j.n.j,nj,) is the same radial integral
as in Eq. (3). Definitions F*(n¢j, n'¢’j") and G*(n{j,
n't'j') straightforwardly follow from Eq. (22). Due to
the inherent complexity of the three-particle opera-
tor, Eq. (21) does not fully distinguish all the mem-
bers that are independent of the term. There-
fore, a very small number of them are retained in
the mernkber§ AF* (ntj, ntj), AR" (nfj n'l’j' n't’j")
and AR (n€j n't’j' n"C"j").

The contribution deriving from the core-va-
lence correlations of the configurations K’ to E(Ky/)
in the second-order of the perturbation theory can
be extracted from Eq. (21) as

AE i cyry = A&, (KJ)+
+2 2 (G K x))A F* (ntf, ntj)+
nfj k>0

0 D RGN K ) AF (ntf, n'€)+

ntj n't'j'>ntj k>0

22\
nlj k>0
n''f#nlj k', x

0
« a7 x (j'>]<k’>1(")}()H‘P>x

x ARSI (nlin'lj'n't ") +
O ()
+ Z<\FH [am 3 (@ xa " 0] x
n"t"j"#nlj

ntj k>0
. — (0)
><[a(/)xa(./)]( )} W) x

nf/ ;671[/ k'\x
x AR KO (nbn'tj'n"C"j").

|:[a(j) ~(/) () o I:[a(/) ~(/)(1)

(23)
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The contribution of the third and fourth type of
the core-valence correlations in the second-order of
the perturbation theory is expressed oyer A€, (K],
Aﬂfk(nf], nlj), AFnj, '), AR (nlinery

{'j") and AfR (n€j n'C'j'n""""j"") (see Tables [L
@ and H). These formulae are additionally expressed
via the quantities

A(x,i7, 1) =

k k' x|k k'x .
—Z P(E',ij, 1), (24)
.]1.]1.]1 Jj]jjj

o k J Ji R
Clk,ij, i)y =21, 77+ QUK ij,i"), (25)
k' k jj .]j'
and

g'(x]xzx, ij,i") =

:z(_l)k, jj’ jj’x
k k' k k' ],

where

Ji Ji k
} xl x2 X :P(kk,,ij’i‘,j'), (26)
JiJi K

i

Pk, ij, 1" )= RE @, 1) RE (@', ) OK', K), (27)

QKK ij, 1'j") = RE(ij, i' j) RE (1" ', ji) O(K', K), (28)

1

oK = k) —FK)

(29)

where E(K) is the averaged energy of the state for
which calculations are performed. E(K) is the av-
eraged energy for the admixed configuration
K'. For details on how to find E(K) and E(K’), see
Ref. [E], Section 3 therein. We would also like to em-
phasize that the energy denominator (29) is defined
differently/opposite to the expressions of Feynman
diagrams (see Fig. EI Egs. (27, 28)).

612,'(?.]’1.” k1k2k IS, J) =

_z[x J, {JJ x}x
. J; J Sy ) ks Ji Ji

{]l ks x} Ji kox
X .
ki Ji k) \J; J

We would also like to point out that the notation
of ranks such as J , J,, y in the multipliers of this sec-

tion under AR (mnn) and ARSE? (mnp) have
been renamed for convenience to make the expres-
sions in Tables @ and H more straightforward and
more understandable.

This theory in an irreducible tensorial form, as in
the papers [R—€], is more suitable to be included in
such a version of the Grasp which is based on conu-
ration state function generators [E, @]. This is relat-
ed to the fact that this version of the software pack-
age allows us to easily distinguish F, F' and G sets of
orbitals in the process of computing atomic data. In
the following section, we will present a test case of
this implementation.

(30)

Table 1. Expressions for core-valence corrections to the energy in Egs. (21) and (23), independent of the term.

AE, corrections

core subshell valence subshells

core subshell valence subshells

(L) 72", 0,) jor (1,0, J = (L) o7 (1, 0,) jo ™ (m, )y

2(_ 1)./',7, ta M

[]m’.]n] k

)Z{C(k nn, am)+ﬁfP(kk ma, nn)}

from CV; Feynman diagram

core subshell valence subshells

(n,0)J (m,0,) o (m,€,) " (1,0

P(kk,ma,np)

core subshell valence subshells

D= (L) 2 (L) e () (0 )

_(_ 1)./,,1 +intiptia
s Jus J ] R

w, (L, 1= w)(j,1-w,) 5 {

+C(k, ma,np)}(l +P(n= p))

[#]

from CV; Feynman diagram
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=(k K’ %)
Table 2. Expressions for Slater integral AF*(n, n) and AF*(m, n), and AR (mnn) (see Egs. (21, 23)) correc-
tions corresponding to the third type of core-valence correlations.

Corrections | Slater integral | k values

core subshell valence subshells core subshell valence subshells
:2j,+1 W, W, 2] W, —1 W, +2
(naga)Ja ‘ (nmgm)‘]mm (nngn)‘]nz _)(naéa)Ja ‘ (nmgm)‘]mm (nngn)]nn

4ﬂwmc/l’(k,nn,ma)

[/,] AFH(n, n) k>0
from CV; Feynman diagram
ik
2 k _1 Jutjatk m Jm x
[ ];( ) { J J, k'} AFH(m, n) k>0

from CV; Feynman diagram

x { C(k',nn,am)+ ﬁfp(k’k’, ma, nn)}

from CV; Feynman diagram

2=1" 0 \Jlk, K, x] Gk x,nm,ma) AR (mn) k=0

from CV, Feynman diagram

=(k, k', x
Table 3. Expressions for Slater integral AF*(n, p) and AfR(k ) (mnp) (see Egs. (21, 23)) corrections correspond-
ing to the fourth type of core-valence correlations.

Corrections

Slater integral | k values

core subshell valence subshells core subshell valence subshells
f_/%

2j,+1 2j 1 1 1
: Ja+ W T Wn 'Wﬂ 12 Ja TWin -W”+ 'W[?+

SN ATIN ] \/% {(—1)"*1 G(0kk,ma,np) +

AFH(n, p) k>0
from CV; Feynman diagram
. JuJyk
+ 3 DI Qlkiky ma,np) x
ky ks ks kl kZ Ja
from CV; Feynman diagram
o n=p
x C’lzj(]m]n]p,k]ksz,0kk)}£1+ P {k N D
1~ M2
from CV; Feynman diagram
. _l Jmtn k,k,, _1 X+lg' kkl , , + =k k. x
(=1 [k, k', x] {( )" (kk' x,ma,np) AR )(mnp) >0

from CV; Feynman diagram

’ ik
+ z (1)k+k+kl[k3]{Jn ]p .3}Q(k1k2’ma,np)x
ki ks ky k, J,

from CV; Feynman diagram

ne=p
X C’lz,»(jmjnjp,klkzkpkk%)} 1+P | K=k,

’
F=x

from CV; Feynman diagram
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5. Calculation of core-valence, core, core—core
and valence-valence with a new approach

In the present work, the method, based on
the Rayleigh-Schrodinger perturbation theory in
an irreducible tensorial form [@], is extended to
include the CV correlations of third and fourth
types in the computations. We performed MCDHF
calculations using the regular method and later
using the RSMBPT method, the CV, C, CC and
VV correlations are included in the RCI computa-
tions. For this purpose, we computed the lifetime
of the 2s2p®?*S,  state and the 12 lowest energy le-
vels of the 2s?2p°, 2s2p® and 2s?2p*{3s,3p} configu-
rations of Ne II. To find the lifetime, only states
with J = 1/2 and 3/2 for the odd configurations and
states with J = 1/2 for the even configurations are
needed. The multireference (MR) set in the present
calculations consists of the 2s2p°, 2s?2p*{3s,3d},
2s2p*{3s%,3d%}, 2s*2p*3p3d and 2s*2p?3s3p even
as well as 2s?2p°, 2s*2p*3p, 2p*3s*3p and 2p*3p3d?
odd configurations. It should be noted that the MR
set in the present computations consists of orbit-
als with few different principal quantum numbers,
namely with n and n + 1 (where n = 2).

5.1. Computational schemes

The regular MCDHF method was used to cal-
culate the radial wave functions of the orbit-
als in the MR configurations, and later the ra-
dial functions of the virtual orbitals. Only VV
correlations were included in this computa-
tional scheme and it is marked VV MCDHF.
Single-double (SD) substitutions are allowed
from 2s, 2p , 2p, 3s, 3p, 3p, 3d and 3d valence
orbitals of the MR set to the virtual orbital
set (OS) OS, = {4s, .., 4l_ }, ... and OS, = {8s, .,
81 ). Three I values were tested: [ =d, f, g
in this scheme. At the RCI stage, the CV, C and
CC correlations were added to the investigation,
where the 1s orbital is defined as the core. This
computation scheme was named RCI [w VV].
The second set of radial functions was comput-
ed, including VV and C correlations, where the 1s
orbital is also defined as the core. This computa-
tion is marked as VV+C MCDHEF. Sets of virtual
orbitals were restricted up to [ = g. At the RCI
stage, the CV, C and CC correlations were added

to the investigation as in the previous case, and this
scheme was named as RCI[w VV+C].

The next investigations were done using
the RSMBPT method at the RCI computation.
The CSF space in this method is divided into three
sets: F, F' and G (see Ref. [E] for details). The 1s sub-
shell is defined as a core subshell (that corresponds
to the F set), 2s, 2p—, 2p, 3s, 3p-, 3p, 3d- and 3d
as valence subshells (that correspond to the F' set)
and sub-shells belonging to OS,, ... and OS, as vir-
tual ones (that correspond to the G set). The [ of
virtual orbitals is described as in the VV MCDHF
method. This space distribution is consistent with
regular GRAsp2018 calculations and allows the use
of a combination of RCI and RSMBPT methods.

The RSMBPT calculation procedure for RCI is
analogousto thatusedinthe previousresearch [B] .
Using radial functions from the VV MCDHF
method, the contribution of each K’ configuration
for CSF in the MR set was calculated according to
Rayleigh-Schrodinger perturbation theory in an
irreducible tensorial form, is computed according
to Eq. (22) of Ref. [E] (for first and second types
of CV correlations), Eq. (6) of Ref. [E] (for C cor-
relations), Eq. (26) of Ref. [@] (for CC correlations),
Eq. (19) of Ref. [E] (for first and second types VV
correlations), Eq. (26) of Ref. [E] (for third and
fourth VV correlations) and Eq. (23) (for third
and fourth types of CV correlations). K’ configu-
rations are sorted in a descending order according
to the impact of the correlations for each CSF in
the MR set. Further, K’ configurations are selected
by the impact of CV, C, CC and VV correlations
with the specified fraction (expressed in the per-
centage: 95, 99, 99.5, 99.95 and 100%) of the total
correlations contribution, and then the RCI meth-
od was applied, including them. It should be noted
that the program gives the contribution of the cor-
relations of K’ configuration with a value greater
than 1.0E-11. Contributions of smaller magni-
tudes are neglected. The C correlations (Eq. (3) of
Ref. [H]) and V correlations, which are not included
in the RSMBPT method, were added to the RCI
calculations in a regular way. This computation
scheme is named as RCI (RSMBPT)[w VV].

The RCI (RSMBPT) computation was repeated
using the radial function from the VV+C MCDHF
scheme. This scheme was named as RCI (RSMBPT)
[wVV+C].
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5.2. Results
5.2.1. Energy levels

Table @ presents the energy levels recommended
by the NIST ASD [@] and the relative differences
(Eyor — E)IE, between our computed energy
levels and the NIST ASD-recommended values
for the 12 lowest energy levels of the 2s2pS, 2s?2p°
and 2s*2p*{3s, 3p} configurations. Three atomic
states involved in the transition that affects life-
times are highlighted. The energy levels calcu-
lated using the standard RCI [w VV] method are
presented for the OS, virtual orbital set. This set
is also restricted by orbital symmetry (I = d, f,
g), and the results from each of them are given
in the Table. The same Table shows the results of

Table 4. Energy levels (in cm™) from NIST ASD (E

sp)» relative differences (E

further calculations using the RSMBPT method.
Using that method, the specified amount (95, 99,
99.5,99.95 and 100%) of CV, C, CC and VV corre-
lations (RCI (RSMBPT)) was included in the RCI
step. Those correlations were included up to
the virtual orbital sets OS,, constrained by orbital
symmetry as in the case of the above MCDHF
method. Similarly, the relative differences between
the NIST recommended energy levels and energy
levels obtained using the regular RCI [w VV+C]
and RCI (RSMBPT) [w VV+C] methods are
presented for the OS, virtual orbital set with the
orbital symmetry [ = g. The root-mean-square
(rms) deviation of all levels and those three levels
(rms,) involved in the transitions depopulating
the 2s2p° °S, , atomic state are given for all these
schemes in Table 4.

-E)/E_ .. (in %) from NIST

NIST NIST

ASD and our computed energy levels using regular RCI[w VV] (a), RCI[w VV+C] (b) methods, and RCI
(RSMBPT)[w VV], RCI (RSMBPT) [w VV+C], root-mean square deviations rms and rms, (in cm™) of all
computed levels and of three atomic states involved in the transition that affects lifetime; these states are high-

lighted.
(ENIST - E)/ENIST
ASF Ey o . RCI (RSMBPT)[w VV] RCI (RSMBPT)[w VV+C]
i 95% | 99% | 99.5% | 99.95% | 100% | 95% | 99% | 99.5% | 99.95% | 100%
I = d

2s22p° ’P5,, 0

2s22p*(*P)3p ‘P;, 246415 0.93 1.01 0.93 0.92 0.93 0.93
2s22p*(*P)3p 4D‘;/2 249696  0.80 0.88 0.80 0.80 0.80 0.80
2s22p*(°P)3p ZD;Z 251522 0.52 0.57 0.50 0.50 0.51 0.52
2s22p° ZP‘I’/2 780 1.83 -1.77 -0.47 1.43 2.49 1.70
2s22p*(’P)3p 4P‘f/2 246598 0.94 1.04 0.94 0.93 0.93 0.93
2s2p*(P)3p *Dg,, 249840  0.82 0.89 0.82 0.82 0.82 0.82
292p'CP)3p 7S, 252798 0.49 052 046 047 048 049
2s2p° ZSU2 217048 1.27 1.34 1.28 1.28 1.28 1.27
2s22p*(°P)3s 4P1/2 219947  2.00 2.18 2.04 2.02 2.00 2.01
2s2p*(°P)3s ZPU2 224699 1.89 2.08 1.93 1.91 1.89 1.89
2s22p*(*S)3s ZSUZ 276677 1.18 1.27 1.17 1.16 1.16 1.16
rms 2546 2771 2564 2548 2538 2536
rms, 1597 1673 1608 1608 1603 1595

s = £

282p° P9, 0

2s22p*(°P)3p ‘P, 246415 0.23 0.32 0.23 0.23 0.22 0.23
2s2p*(°P)3p ‘D3, 249696 0.17 0.25 0.17 0.17 0.16 0.16
2s22p*(°P)3p ZDg/Z 251522 -0.13 -0.07 -0.15 -0.15 -0.14 -0.14
2s22p°® ZP‘I’/2 780 1.74 -3.89 -0.01 -0.01 2.49 1.69
2s2p*(°P)3p ‘P9, 246598  0.24 0.35 0.24 0.24 0.23 0.23
2s22p*(*P)3p ‘Dg, 249840 0.20 0.26 0.19 0.19 0.19 0.19
2s2p*(*P)3p Sy, 252798 -0.10 -0.07 -0.13 -0.13 -0.12  -0.11
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Table 4. (continued)

(ENIST - E) /ENIST

ASF E, . RCI (RSMBPT)[w VV] RCI (RSMBPT)[w VV+C]

: 95% | 99% | 99.5% | 99.95% | 100% | 95% | 99% | 99.5% | 99.95% | 100%
2s2p° ZS”2 217048 0.71 0.75 0.71 0.71 0.70 0.70
2s2p*(°P)3s “P”2 219947 1.31 1.50 1.36 1.36 1.31 1.30
2s2p*(°P)3s ZPU2 224699 1.26 1.45 1.30 1.30 1.25 1.24
2s22p*(*S)3s 2S”2 276677 0.63 0.71 0.61 0.61 0.59 0.60
rms 1383 1590 1415 1386 1366 1363
rms, 888 938 890 883 878 876

s = g

2s2p°?PY, 0
2s22p*(’P)3p 4P2/z 246415 -0.07 -0.07 0.04 -0.06 -0.08 -0.08 -0.08 0.03 -0.06 -0.08 -0.08 -0.08
2s22p*(°P)3p 4D;’/2 249696 -0.13 -0.13 -0.02 -0.12 -0.13 -0.13  -0.13 -0.03 -0.12 -0.13 -0.14 -0.13
2s22p*(°P)3p zDg/z 251522 -0.43 -043 -0.35 -0.43 -0.44 -044 -043 -036 -0.43 -0.44 -0.44 -0.44
2s22p° ZP‘I’/2 780 1.65 1.61 -5.86 0.54 0.61 2.79 1.60 -6.56 0.68 -1.24 2.63 1.57
2s22p*(°P)3p “P‘l’/2 246598 -0.06 -0.06 0.06 -0.05 -0.06 -0.07 -0.07 0.06 -0.05 -0.06 -0.07 -0.07
2s2p*(°P)3p ‘Dj, 249840 -0.10 -0.10 -0.02 -0.09 -0.10 -0.11 -0.11 -0.03 -0.09 -0.10 -0.11 -0.11
2s22p*(’P)3p ZS‘I’/2 252798 -0.40 -0.41 -0.35 -0.42 -0.43 -042 -042 -0.36 -0.42 -0.43 -0.42 -0.42
2s2p° 251/2 217048 0.67 0.80 0.72 0.68 0.67 0.66 0.66 0.84 0.81 0.80 0.80 0.79
2s22p*(°P)3s “Py, 219947 096 1.09 1.16 1.01 0.98 0.96 095 128 1.14 1.12 1.09 1.08
2s22p*(°P)3s 2Py, 224699 092 1.05 1.13 0.97 0.94 0.92 091 124 1.10 1.07 1.04 1.03
2s2p*(!S)3s 25, 276677 0.45 0.55 0.53 0.43 0.42 0.41 042 0.62 0.53 0.52 0.50 0.52
rms 1111 1260 1265 1150 1128 1104 1096 1403 1296 1276 1252 1244
rms 836 1003 901 854 837 831 825 1054 1019 1005 999 992

3

The conclusion is that the RCI (RSMBPT) meth-
od reproduces regular RCI energy levels indepen-
dently of the orbital symmetry of virtual orbitals
(see line 100%). In addition, the ability of the RCI
(RSMBPT) method to reproduce energy levels is
independent of the type of correlations included in
the regular MCDHF computations of radial wave
functions (see the line 100% of RCI (RSMBPT) [w
VV+C] column). It should be noted that, for this
ion, the RCI (RSMBPT) method already repro-
duces the regular RCI results for most energy levels
when 99.5% of the correlations are included; only
the 2s?2p° ?P¢ level requires full (100%) correlation
inclusion.

Figure E illustrates the contribution of the in-
cluded correlations (A_ ) obtained using the RCI
(RSMBPT) method, relative to the complete stand-
ard RCI calculations, as a function of the fraction
of the total correlation contribution included in
the RCI (RSMBPT) approach. This dependence is
shown for the 2s*2p° *P¢ , 26*2p° °P¢ , and 2s2p°°S |
levels when CV, C, CC and VV correlations are
taken into account. The same dependence is pre-
sented for each tested orbital symmetry of the vir-

tual space, [ = d, f, g, and for the radial wave
functions computed with VV+C correlations in-
cluded. The contribution A__(in %) is defined as
(TERCI(RSMBPT) - TEMR+)/ (TERCI - TEMR+)’ where TE
denotes the total energy obtained within a given
computational scheme. Here, TE, ., yqyppr 18 the to-
tal energy calculated using the RCI (RSMBPT) me-
thod with a specified fraction (in %) of the total cor-
relation contribution included. The TE, , values
are obtained from the calculations in which the CSF
basis consists of the MR set augmented by correla-
tion effects not included in the RSMBPT method.
As can be observed in the Figure, the computed
A, is almost identical to the specified fraction
(in %) of the total correlations contribution used
in the RCI (RSMBPT) method, exhibiting a linear
dependence, independent of the orbital symmetry
and the correlations included in the radial function
calculations. The linear fitting (y = kx + a) dem-
onstrates that the slope coeflicient (k) is less than
unity, ranging from 0.74 to 0.85, and that the er-
ror associated with the fitting itself is negligible
compared to the resulting values (see Fig. f), in-
dicating that the k-factor is highly precise. Based
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Fig. 6. Dependence of the included correlation contribution (CV+C+CC+VV) on the specified fraction of
the total correlation contribution used in the RCI (RSMBPT) method for the three lowest levels, for [ =d,f, g,
and for the radial wave functions computed with the VV+C correlations.

on these observations, it can be concluded that
the difference between the correlation value (in %)
in the predefined RSMBPT calculations and 100%
indicates the percentage error in the total energy,
which is defined as the difference between the total
energy calculated using the regular RCI method (or
using the 100% correlations in the RSMBPT meth-
od) and the total energy calculated using the re-
duced correlation obtained due to the shortening
of the CSF base. For example, using the RSMBPT
method total energies can be analyzed from re-
duced CSF bases (e.g. 95 and 99% correlation in-
clusion), and it is possible to accurately extrapolate
the total energy that would be obtained when 100%
of the correlations are included. The extrapolation
of the total energies would be helpful for complex
computations when considering CV, C, CCand VV
correlations, as such computations lead to a large
CSFs basis and are time consuming. Moreover,
these regularities remain stable across different or-

bital symmetries of the virtual space and for differ-
ent types of correlations included in the radial wave
function calculations.

Moreover, these regularities remain stable across
different orbital symmetries of the virtual space
and for different types of correlations included in
the calculations of radial wave function. It is worth
noting that this theory has been developed only re-
cently; therefore, it is important to investigate this
dependence in greater detail.

Table H gives a summary of CSF numbers (N )
for regular VV MCDHF and VV+C MCDHF
computations at OS , for all tested orbitals’ sym-
metries [ = d, f, g. Also, CSF numbers are given
for RCI[w VV], RCI[w VV+C], RCI (RSMBPT)
[w VV] and RCI (RSMBPT)[w VV+C] at OS,
for all tested orbitals’ symmetries. For the RCI
(RSMBPT) method, the number of CSF is given,
based on the amount: 95, 99, 99.5, 99.95 and 100%
of CV, C, CC and VV correlations.
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Table 5. Summary of the N

SF

of standard VV MCDHEF at OS -0S, and RCI[w VV] methods at OS_, RCI

(RSMBPT) [w VV] and RCI (RSMBPT)[w VV+C] method at OS, is given for [ ={d, f, g}.

" Lx=d L =1 lnx =g lx=8
odd even odd even odd even odd even
VV MCDHF VV+C MCDHF
(OM) 54211 20 344 89972 35176 89972 35176 96 489 37038
(OM) 145 282 57 840 271771 109 930 345 267 137 263 357 960 140 955
0S; 280 694 114 796 552 878 226 570 770 998 308 520 789 867 314 042
(OM 460 447 191 212 933293 385 096 1367165 548 947 1392210 556 299
0Ss 684 541 287 088 1413016 585 508 2133768 858544 2164 989 867 726
RCI [w VV] RCI[w VV+(C]
(0N 2289812 912457 4942682 1877232 7560326 2762366 7 560 326 2762 366
RCI (RSMBPT)[w VV] RCI (RSMBPT)[w VV+C]
100% 2021303 751965 3956501 1343439 5561569 1781337 5561318 1776 353
99.95% 1854036 689 899 3596224 1230114 4885122 1603363 4872 057 1602918
99.5% 1541262 564 815 2790 520 954 137 3652743 1216955 3636767 1214179
99% 1375125 508 995 2431184 821764 3068926 1018785 3045 360 1009 776
95% 851113 295434 1166 070 420313 1360698 484347 1347035 487 039

As seen from the Table E, even counting the sim-
plest type of correlations, i.e. VV electron correla-
tions with increasing OS, N, grows very fast, even
without including very high orbital symmetries,
such as h or higher (see N, at VV MCDHF at OS,
with orbital symmetries up to g). The inclusion of
CV, C and CC correlations of the 1s orbital increases
the size of the bases by a factor of 3.2-4.3 (see the
data of RCI [w VV] and RCI [w VV+C] methods).
Meanwhile, the RCI (RSMBPT) method reduces
N, by 12-36%, even in the case when 100% of
correlations are included and this reduction is more
prominent at larger / symmetries. This reduction is
crucial for performing highly accurate calculations,
which often require large orbital / symmetries and
consequently lead to very large CSF bases.

5.2.2. Quantitative and qualitative evaluation

The transition properties of 32 El-type transitions
between the levels of even configurations with
J = 1/2 and the levels of odd configurations with
J = 1/2 and 3/2 were computed. The calculations
are done in a regular way and using the RSMBPT
method when CV, C, CC and VV are included.
The quantitative and qualitative evaluation method
(QQE) [] has been used to investigate the un-
certainty of the line strengths (S). Within the QQE
method, the minimum of the parabola G_ [@] val-

ues were determined for each transition and subse-
quently used to assign the corresponding accuracy
classes. The accuracy classes match the NIST ASD
[23] terminology (AA <1 %, A+ <2 %, A <3 %, B+
<7 %, B <10 %, C+ <18 %, C<25 %, D+ <40 %,
D <50 %, and E > 50 %). The G__, values for each line
strength computed using the standard RCI [w VV]
method and the RCI (RSMBPT) [w VV] method
with 100% of the correlations included are shown
in Fig. ﬁ for I =d, f g The Figure also includes
the results obtained using radial wave functions that
incorporate both C and VV correlations, namely
the RCI [w VV+C] and RCI (RSMBPT)[w VV+C]
schemes with 100% of the correlations included.
These correlations were included up to the virtual
orbital sets OS..

As can be seen from Fig. ﬁ, the majority of S
values calculated using the RCI (RSMBPT) meth-
od with 100% of the correlations included coincide
with those obtained using the standard RCI method
in most cases, independently of the orbital symme-
try and of the correlations included in the calcula-
tion of the radial wave functions. Noticeable differ-
ences are observed only for the smallest S values.

Figure ﬁ also shows that when using the RCI
(RSMBPT) method with 100% correlations, in
most cases, G, values are obtained that cor-
respond to those obtained using the standard
RCI method. Small differences are observed for
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Fig. 7. The G,_, values for each line strength computed using the standard RCI [w VV] method and the RCI
(RSMBPT) [w VV] method with 100% of the correlations included for [ __=d, f, gand the RCI [w VV+C] and
RCI (RSMBPT) [w VV+C] schemes with 100% of the correlations included.

the smallest S values, while larger deviations
appear for the largest G, values, which corre-
spond to the highest accuracy classes. In these cases,
the sign of the G_ value changes; however, the ac-
curacy class remains unchanged.

Table E presents the line strengths (in the Ba-
bushkin gauge) for two transitions, 2s2p® *S >
2s’2p°?P°,  (3-1) and 2s2p°?*S, > 2s’2p° ?P°| | (3-2),
which contribute to the lifetime under conside-
ration. The line strengths were calculated using
the standard RCI [w VV] and RCI (RSMBPT)
[w VV] methods including virtual orbitals up to
OS, for I =d, f, g. Additionally, the results ob-
tained with radial functions that include Cand VV
correlations are reported for the RCI [w VV+C]
and RCI (RSMBPT) [w VV+C] schemes. The cor-
responding accuracy classes are also provided.
The line strengths calculated using the RCI meth-

od coincide with those obtained using the RCI
(RSMBPT) method when 100% correlation is
included, with differences at the 0.0-0.1% lev-
el, independently of the orbital symmetry and
the correlations included in the radial function
calculations. As the amount of included corre-
lation decreases, the agreement with the stand-
ard RCI results slightly deteriorates; however,
the relative differences (S, - SRCI(RSMBPTQS%))/SRCI’
remain below 0.5%. The accuracy classes of
these line strengths, computed using the RCI
method, coincide with those obtained using
the RCI (RSMBPT) approach when 100% cor-
relation is included, independently of the orbital
symmetry and the correlations included in the ra-
dial function calculations. As the percentage of in-
cluded correlation decreases, the accuracy slowly
deteriorates.
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Table 6. Line strengths (in a.u.) in Babushkin gauge (S;) for two transitions: 2s2p® S

2s2p°?S, - 2s%2p (3-2) computed using standard VV MCDHF, VV+C MCDHF, RCI [w VV] and RCI[w

5 ZPO

1/2

- 2s%2p

1/2

VV+C] methods, and RCI (RSMBPT)[w VV] and RCI (RSMBPT)[w VV+C] methods.

° 21)30/2

(3-1) and

Ss

(0N

Inx=d

Lnax = f

lmax

=8

lx=8

3-1

3-2

3-1 3-2

3-1

3-2

3-1

3-2

VV MCDHF

VV+C MCDHF

08,
08,
08,
08,

(0N

5

3.439E-01
5.412E-01
5.406E-01
5.387E-01
5.385E-01

AA
A

1.537E-01
2.658E-01
2.648E-01
2.623E-01
2.623E-01

5.156E-01
5.471E-01
5.419E-01
5.308E-01
5.307E-01

A+ 2.393E-01
A+ 2.688E-01
A+ 2.649E-01
A+ 2.578E-01
A+ 2.579E-01

> > >

5.156E-01
5.568E-01
5.489E-01
5.362E-01
5.363E-01

A+
A+
A+
A+
A+

2.393E-01
2.729E-01
2.680E-01
2.605E-01
2.606E-01

A+

6.192E-01
5.356E-01
5.411E-01
5.317E-01
5.315E-01

2.931E-01
2.647E-01
2.651E-01
2.584E-01
A 2.584E-01

> > > >
> o> > > >

RCI [w VV]

RCI[w VV+C]

OS,  5.496E-01

2.680E-01

5.384E-01 AA 2.625E-01

AA

5.414E-01

AA

2.645E-01

AA

5.415E-01 AA 2.645E-01 AA

RCI (RSMBPT)[w VV]

RCI (RSMBPT)[w VV+C]

100%
99.95%
99.5%

99%

95%

5.498E-01
5.503E-01
5.506E-01
5.507E-01
5.495E-01

B+
B+
B+
B+
B+

2.681E-01
2.681E-01
2.684E-01
2.684E-01
2.684E-01

B+
B+
B+
B+
B+

5.387E-01
5.393E-01
5.397E-01
5.404E-01
5.399E-01

AA
AA

2.627E-01
2.627E-01
AA 2.629E-01
A+ 2.633E-01

A 2.631E-01

AA
AA
AA
AA
A+

5.418E-01
5.424E-01
5.429E-01
5.433E-01
5.436E-01

AA
AA
AA
AA
A

2.647E-01
2.647E-01
2.648E-01
2.652E-01
2.654E-01

AA
AA
AA
AA
A+

5.419E-01
5.425E-01
5.431E-01
5.434E-01
5.440E-01

AA 2.647E-01
AA 2.647E-01
AA 2.648E-01
AA 2.653E-01

AA
AA
AA
AA

A 2.654E-01 AA

5.2.3. Lifetime

Table H presents the lifetime of the 2s2p°?2S
The lifetime was calculated using the standard
MCDHF method, which includes only VV corre-

Table 7. Lifetime (in ns) of the 2s2p° %S

lations in different virtual orbital sets (OS, through
0S,), restricted by orbital symmetry (I =d,f, g).

s state.

12

The Table also presents the results obtained
using the RCI and RCI (RSMBPT) methods with
the virtual orbital setup to OS,, under the same

state is computed using the standard VV MCDHF, VV+C MCDHF

and RCI [w VV] and RCI [w VV+C] methods, and the RCI (RSMBPT)[w VV] and RCI (RSMBPT)[w VV+C]
methods. Lifetimes are given in the Babushkin and Coulomb (in parentheses) gauges.

0S !
lmax =d lmax —fi lmax =8 lmax =g
VV MCDHF VV+C MCDHF
MR 0.1171 (0.09761) 0.1171 (0.09761) 0.1171 (0.09761) 0.1171 (0.09761)
OS1 0.1991 (0.2007) 0.1991 (0.2007) 0.1287 (0.1262) 0.1066 (0.1042)
082 0.1223 (0.1258) 0.1187 (0.1165) 0.1165 (0.1140) 0.1207 (0.1180)
083 0.1223 (0.1259) 0.1198 (0.1175) 0.1182 (0.1156) 0.1196 (0.1169)
OS4 0.1229 (0.1265) 0.1227 (0.1202) 0.1213 (0.1186) 0.1222 (0.1195)
0S; 0.1229 (0.1264) 0.1227 (0.1202) 0.1212 (0.1185) 0.1222 (0.1195)
RCI [wVV] RCI [w VV+C]
0OS; 0.1231 (0.1293) 0.1236 (0.1238) 0.1226 (0.1227) 0.1231 (0.1228)
RCI (RSMBPT)[w VV] RCI (RSMBPT)[w VV+C]

100% 0.1231 (0.1293) 0.1235 (0.1239) 0.1225 (0.1229) 0.1230 (0.1231)
99.95% 0.1230 (0.1297) 0.1234 (0.1242) 0.1224 (0.1233) 0.1229 (0.1234)
99.5% 0.1230 (0.1300) 0.1233 (0.1244) 0.1224 (0.1234) 0.1228 (0.1235)
99% 0.1230 (0.1302) 0.1232 (0.1244) 0.1223 (0.1234) 0.1228 (0.1235)
95% 0.1233 (0.1321) 0.1235 (0.1239) 0.1224 (0.1249) 0.1228 (0.1250)
Ex. [27] 0.132

Th. [27] 0.120 (0.126)

Th. [28] 0.1214
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orbital-symmetry constraints as in the MCDHE cal-
culations. Various percentages of CV, C, CC and VV
correlations (95, 99, 99.5, 99.95 and 100%) were in-
cluded in the RCI (RSMBPT) calculations. Lifetimes
are reported in the Babushkin gauge, with values in
the Coulomb gauge given in brackets.

The lifetime in the Babushkin gauge of the
2s2p° *S,  state is reproduced, using the RCI
(RSMBPT) method in the case of the ‘100%), with
a precision of 4 digits (i.e. Ty wovppr) = Trey = 0-0001)
compared to the regular GRasp2018 calculations,
irrespective of the orbital symmetries that are in-
cluded in the calculations and of the types of cor-
relations included in radial function computations.
The lifetime in Coulomb’s gauge is reproduced with
a precision of 4 digits (i.e. Trermsmrn) ~ Trar S 0.0003).

The lifetime is also very stable with decreasing
correlation percentage regardless of the orbital sym-
metry included. The difference in lifetimes between
the 100 and 95% cases is also small (TRCI(RSMBPTIOO%) -

TiRsMBPTygy = 0-0002 for Babushkin’s gauge and
< 0.0028 for Coulomb’s gauge).
The experimental [é] and theoretical [@, @]
lifetimes are given for comparison. Experiment
was done using the time-correlated single photon
counting technique combined with photoioniza-
tion by synchrotron radiation. Theoretical com-
putations for lifetime are done using the multi-
configuration Dirac-Fock method in the same
work [@]. The lifetimes from the last investiga-
tion are given in the Babushkin and in the Cou-
lomb (in parentheses) gauges. The next theoretical
work [R§] was done using the multi-configuration
Hartree-Fock method with the relativistic effects
included through the Breit-Pauli Hamiltonian,
omitting only the orbit-orbit interaction.

Our calculated lifetime wusing the RCI
(RSMBPT) and regular RCI methods is smaller
than the experimentally measured value [@], but
slightly bigger than the theoretical evaluation by

Refs. [p7] and [p4].

6. Conclusions

The method, based on the Rayleigh-Schrodinger
perturbation theory in an irreducible tensorial
form, is extended to estimate the CV correlations
of the third and fourth types. We provided the an-
alytical expression of a three-particle Feynman
diagram describing these CV correlations with

explanations and expression for the spin-angular
coefficients. The expressions to calculate the influ-
ence of these correlations are derived and provided.
This extended RSMBPT method allows us to evalu-
ate the contribution of each K’ configuration, which
determines one of the CV, C, CC, or VV correlation
types, to the CSFs in the MR set. The method applies
to the investigation of correlations in arbitrary elec-
tronic configurations of atoms or ions, using select-
ed core and virtual orbital sets and allowing for any
number of valence electrons. The 12 lowest energy
levels of the 2s*2p°, 2s2p® and 2s?2p*{3s, 3p} con-
figurations, the properties of 32 E1-type transitions
between those levels, and the lifetime of 2s2p°*S
state were computed for Ne II.

The analysis of the energy levels has shown that
the RCI (RSMBPT) method reproduces the regular
RCI energy levels independently of the orbital sym-
metry of the virtual orbitals. In addition, the ability
of the RCI (RSMBPT) method to reproduce the en-
ergy levels is independent of the type of correlations
included in the regular MCDHF computations.

Using the RSMBPT method total energies can
be analyzed from reduced CSF bases (e.g. 95 and
99% correlation inclusion), and it is possible to ac-
curately extrapolate the total energy that would be
obtained when 100% of the correlations are includ-
ed. The extrapolation of the total energies would be
helpful for complex computations when consider-
ing CV, C, CCand VYV correlations, as such compu-
tations lead to a large CSFs basis and are time con-
suming. Moreover, these regularities remain stable
across different orbital symmetries of the virtual
space and for different types of correlations includ-
ed in the radial wave function calculations.

The accuracy classes of the line strengths
for transitions originating from the 2s2p® *S
state coincide when 100% of correlations were
included in the RCI(RSMBPT) [w VV] and
RCI(RSMBPT) [w VV+C] schemes. As the per-
centage of included correlations decreases, the ac-
curacy classes gradually deteriorate.

The lifetime of the 2s2p®*S,  state is reproduced
using the RCI(RSMBPT) method with 100% of
the correlations included, with a precision of four
digits (i.e. Ty pomppr) ~ Trey = 0-0001 in the Babush-
kin gauge and < 0.0003 in the Coulomb gauge),
compared to the regular Grasp2018 calculations,
independently of the orbital symmetries included
in the calculations and of the types of correlations
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included in the radial wave-function computations.
The lifetime is also very stable with decreasing corre-
lation percentage regardless of the orbital symmetry
inclusion. The difference in lifetimes in the cases 100
and 95% is also small (TRCI(RSMBPTIOO%) = TRCIRSMBPTgg)
< 0.0002 for Babushkin’s gauge and < 0.0028 for
Coulomb’s gauge). The same stability of the lifetime
value is observed when the radial functions are cal-
culated by including the VV+C correlation.
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ANTROSIOS EILES RELEJAUS IR SREDINGERIO TRIKDYMU TEORIJA GrRAsp2018
PROGRAMINIAM PAKETUIL: TRIJU DALELIY FEINMANO DIAGRAMOS JTAKA
KAMIENO-VALENTINEMS KORELIACIJOMS

G. Gaigalas, P. Rynkun, L. Kitoviené

Vilniaus universiteto Fizikos fakulteto Teorinés fizikos ir astronomijos institutas, Vilnius, Lietuva

Santrauka

I$plétotas antrosios eilés trikdymy teorija parem-
tas metodas, skirtas jvairiy koreliacijy vertei nustaty-
ti, jtraukiant kamieno-valentines koreliacijas, kurios
aprasomos trijy daleliy Feinmano diagrama. Darbe
pateiktas i$plétimas papildo kamieno-valentines, ka-
mieno, kamieno-kamieno ir valentines—valentines
koreliacijas, kurios buvo iSplétotos ankstesniuose
G. Gaigalo, P. Rynkun ir L. Kitovienés darbuose, tre-
¢io ir ketvirto tipo kamieno-valentinémis korelia-
cijomis. Kadangi $ios koreliacijos apraSomos trijy

daleliy Feinmano diagrama, papildomai buvo atlikti
pakeitimai ir i$plétimai GRASP programos bibliotekoje
»Librang® siekiant apskaic¢iuoti $ios diagramos su-
kinines-kampines dalis. Remiantis pateiktuoju i§pléti-
mu, buvo atrinktos svarbiausios konfigtiraciniy buiseny
funkcijos reliatyvistiniui konfigaracijy superpozicijos
metodui. Darbe, kaip metodo taikymo pavyzdys, taip
pat pateikiami Ne II energijos struktiros, Suoliy para-
metry ir gyvavimo trukmés skai¢iavimai.
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